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HOFER'S METRICS AND BOUNDARY DEPTH 



MICHAEL USHER 



Abstract. We show that if (M, co) is a closed symplectic manifold which admits a nontrivial Hamilton- 

ian vector field all of whose contractible closed orbits are constant, then Hofer's metric on the group of 

^~^ Hamiltonian diffeomorphisms of (M, oj) has infinite diameter, and indeed admits infinite-dimensional 

C^ . quasi-isometrically embedded normed vector spaces. A similar conclusion applies to Hofer's metric 

on various spaces of Lagrangian submanifolds, including those Hamiltonian-isotopic to the diagonal 

in M X M when M satisfies the above dynamical condition. To prove this, we use the properties of a 

QQ , Floer-theoretic quantity called the boundary depth, which measures the nontriviality of the boundary 

operator on the Floer complex in a way that encodes robust symplectic-topological information. 



1-^ ■ 1. Introduction 

-(— > 



Let (M, co) be a symplectic manifold and let H: [0, 1] x M ^ R be a smooth function, which is 
compactly supported in [0, 1] x int{M) in case M is noncompact or has boundary. H then induces 
a time dependent Hamiltonian vector field by the prescription that 

^^ ■ and thence an isotopy 0^ : M ^ M by the prescription that ^^ = 1^ and — ^^(m) = X^(f , ^^(m)). 

ly-s . The Hamiltonian diffeomorphism group Ham[M, co) is by definition the set of diffeomorphisms 

■<!:;;j- ■ (f)-. M ^ M which can be written as cp = (pjj for some H as above (in particular if M is noncompact 

I I . or has boundary our convention is that all elements of Ham(M, co) are compactly supported in the 

f^ ■ interior of M). Of course Ham[M, co) forms a group, all elements of which are symplectomorphisms 

of(M,w). 

For a function H: [0, 1] x M ^ K as above define 



oscH= (maxH(t,-)-mmH{t,-)]dt. 
Jo ^ M M J 



X: 

C^ , Now for ({) e HamiM, co) let 

\\(p\\=ini[oscH\(f)lj = (f)]. 
The Hofer metric on Hamf^M, co) is then defined by, for </), i/) e Ham{M, co), 

di(t>,i,)=\\cp-'o^p\\. 

As was shown for R^" in ||Ho90|| and for general symplectic manifolds in ||LM95a|| , d is a nonde- 
generate, biinvariant metric on Ham{M, co). 

Notwithstanding a significant amount of fairly deep work on this metric, our understanding of its 
global properties remains somewhat limited. In particular, it is not yet known whether the metric 
is always unbounded. It is widely believed that this is most likely the case, and we provide in this 
paper further evidence for this belief, as follows: 

Theorem 1.1. Suppose that a closed symplectic manifold (M, co) admits a nonconstant autonomous 
Hamiltonian H: M —>M. such that all contractible closed orbits ofX^f are constant. Then the diameter 
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ofHam{M, co) with respect to Hofer's metric is infinite. In fact, there is a homomorphism 

such that, for all v, w e R°°, 

||v — wll^ < d($(v), $(w)) < 05c(v — w). 

Theorem [LT] is proven in Section [5^ 

To clarify notation, K°° denotes the direct sum of infinitely many copies of K, i.e., the vector 
space of sequences {vj^j where v, e R and all but finitely many V; are zero, and for v = {vj^^ 
we write osc[v) = max^j |v; — Vj\ and ||v||£ = max; |v;|. Thus \\v\\i < osc[v) < 2\\v\\(- , and if 
either all v, are nonnegative or all V; are nonpositive then \\v\\^ = osc[v). It will be apparent 
from the construction that $(v) is generated by a Hamiltonian G^ with osc G^ = osc v. From this it 
follows that, for those v e ]R°° with ||v||f = osc[v), every segment of the path s <-> $(sv) minimizes 
the Hofer length among all paths connecting its endpoints. For comparison, there are criteria 
guaranteeing that a path will be Hofer-length minimizing within its homotopy class in [IMSIOIL 
[IS06] (and our paths do satisfy these criteria), but (except in the rare case that Ham{M, o)) is 
known to be simply connected) it seems to be unusual to find such globally length-minimizing 
paths in the Hamiltonian diffeomorphism group of a closed sjmiplectic manifold. 

To put Theorem 11.11 into context we indicate some examples of symplectic manifolds (M, co) 
obeying its hypotheses: 

(A) Any positive-genus surface S with area form co admits Hamiltonians as in Theorem 11.11 
Indeed if 7 c S is a noncontractible closed curve and U = {(s, 0)|s e (— e,e), e S^} is 
a Darboux-Weinstein neighborhood of y and if/: (— e,e)^]Risa compactly supported 
smooth function then where H[s, 9) = /(s) for (s, 0) e (7 and H[z) = for z ^ J7, all orbits 
of X^ either will be constant or will wrap around a noncontractible loop parallel to j. 

Generalizing this somewhat, consider fiber bundles tz: M —>T, which admit a Thurston- 
type symplectic form = ^0+ Kn*co where fig is closed and fiberwise symplectic and 
K e M. The Ho-orthogonal complements to the fibers determine a horizontal subbundle 
t''M, and in order to ensure that H is symplectic one should take K sufficiently large as 
to guarantee that at every point it holds that n|j-/.jy^ is a positive multiple of the pullback 
of o). As long as this condition on K holds, one can check that if H : S ^ K is as in the 
previous paragraph then H =H on will obey the hypothesis of the theorem, as all orbits y 
oiXfj which are not constant will be contained in n~^[U) and will have J 7r*d0 ^ 0. Of 

course this property depends only on the behavior of the symplectic form near 7i~^[y) "^ ^ 
and so the property will continue to hold for suitable symplectic forms if instead the map 
71 : M ^ E has singularities away from y (e.g., if tt is a Lefschetz fibration). 

(B) Work of Perutz implies that if E is a positive-genus surface and d > 2 then the symmetric 
product M = Sym'^T, obeys the hypothesis ofTheorem ll.il when M is equipped with any 
of the continuous family of Kahler forms from ||Pe07l Theorem A] . Indeed, let 7 : S^ ^ S be 
a homologically essential simple closed curve, and let S^ denote the result of surgery along 
y (i.e., cut I! along y and cap off the resulting boundary components by discs). Perutz then 
obtains a Lagrangian correspondence V^ c Sym'^T, x Sym'^~^T,y with the property that 
the first projection embeds V^ as a hypersurface V^ c Sym'^T, while the second projection 
exhibits V^ as a S^-bundle over Sym'^'^T,.^. One can then find a tubular neighborhood U = 
(— e,e) X Vj, c Sym'^T, such that, where 5 denotes the (— e,e) coordinate, a Hamiltonian 
H which is compactly supported in U and such that Hlu depends only on s will have 
the property that, at all points, X^ either vanishes or is directed along the fibers of the 
S^-bundle V^ -^ Sym'^'^T,.^. Thus any nonconstant closed orbits of X^ are homotopic 
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to iterates of these S^ fibers. It follows from ||Pe071 Lemma 3.16] that the S^ fibers are 
homotopic in Sym'^'E to loops of the form t -^ {)'(t),Pi, . . ■,Pd-i} for any fixed choice of 
Pi!--- >Pd-i ^ ^f"(r)- So the fact that y is homologically essential in S implies (by standard 
facts about the topology of symmetric products, see e.g. the proof of [BTOl, Theorem 
9.1]) that the fibers have infinite order in ni^Sym'^T,). Thus indeed such a Hamiltonian 
H: Sym'^T,—>R obeys the requirements ofTheorem ll.il 

(C) A variety of symplectic manifolds (M, co) which admit a nonconstant autonomous Hamil- 
tonian H : M ^ R such that X^ has no nonconstant closed orbits at all (contractible or 
otherwise) are exhibited in [Ullb]. Especially in dimension four, these examples are quite 
topologically diverse: they include for instance the elliptic surfaces £(n) with n > 2 as well 
as infinitely many manifolds homeomorphic but not diffeomorphic to them; the symplec- 
tic four-manifolds Xq constructed by Gompf [Go95] having tii^Xq) = G for any finitely 
presented group G; and simply-connected symplectic four-manifolds whose Euler charac- 
teristics and signatures can be arranged to realize many different values. In general, these 
examples have a hypersurface V c M diffeomorphic to the three-torus such that a suitable 
Hamiltonian H supported near V will have the property that X^ points along an irrational 
line on the torus and so has no nonconstant closed orbits. The construction in flUllbH re- 
quires CO to represent an irrational de Rham cohomology class in H^(M;K); it is not clear 
whether one can obtain such Hamiltonians when [co] is rational. 

(D) Obviously, if (M, co) obeys the hypothesis of Theorem 1 1.1 1 then so will {M x N,co®a) for 
any closed symplectic manifold (JV, u) (regardless of whether (JV, a) obeys the hypothesis) . 
Namely, we can just pull back the Hamiltonian H: M^M to MxiV. 

(E) If (M, w) obeys the hypothesis of Theorem 1 1.1 1 and if (M, w) is obtained by blowing up a 
sufficiently small ball B c M, then (M, co) will also obey the hypothesis. For if H: M ^ R 



is as in Theorem 1 1.1 1 and if the ball B is small enough that H[B) is properly contained in 
H{M), we can choose a nonconstant smooth function / : H{M) -^ M such that / |jjt^ = 0. 
Then since Xf^^ = f'[H)X[j, the vector field Xj^h will still have no nonconstant con- 
tractible closed orbits. But f o H now lifts to a Hamiltonian on M, whose Hamiltonian 
vector field again has no nonconstant contractible closed orbits. 
(F) A well-estabhshed criterion (used e.g. in ||LPo97ll ) for (M, o)) to obey the hypothesis of 
Theorem 1 1.1 1 is for there to exist a Lagrangian submanifold L c M such that the inclusion- 
induced map 7Ti(L) -^ 7ii(M) is injective and such that L admits a Riemannian metric of 
nonpositive sectional curvature (for in this case the metric on L will have no contractible 
closed geodesies, and one can take a Hamiltonian supported in a Darboux-Weinstein 
neighborhood of L which generates a reparametrization of the geodesic flow). Of course 
the case of a noncontractible closed curve in a surface as in (A) above is a baby example 
of this. In the presence of such a Lagrangian submanifold, a somewhat weaker version of 
Theorem 1 1.1 1 was proven in [iPyOSIJ — namely Py proves that for all JV one has an embed- 
ding ^ : Z'^ ^Ham(M,w) obeying a bound Cj^^|v—w|( < d(^(v), (/)(w)) < Cjv|v — w|f . 
(Actually, our embedding in Theorem 1 1 . 1 1 appears to reduce to Py's in this special case, and 
so Theorem 11.11 improves Py's constants.) 

It should be clear from the examples that we have provided that the hypothesis of The- 
orem ll.ll is substantially more general than the assumption that M contains a TTj-injective 
Lagrangian submanifold which admits a metric with nonpositive sectional curvature. Writ- 
ing 2n = dimM, so that dim! = n, in order for L to admit such a metric L would have 
to be either flat and hence (by old results of Bieberbach) a finite quotient of T", or else 
by IIBE87I Theorem A] ttjCL) would contain a nonabehan free group. Thus 7Ti(M) would 
have to contain either Z" or the free group on two generators. But in many of the above 
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examples tijCM) is not large enough to accommodate such subgroups — indeed in some of 
the examples M is even simply connected. 

There are however closed symplectic manifolds to which Theorem ll.ll can be proven not to apply, 
namely those which have finite TTj-sensitive Hofer-Zehnder capacity. It is shown in [Lu06, Corollary 
1.19] (using an argument that essentially dates back to IIHV92II ') that any closed symplectic mani- 
fold which admits a nonvanishing genus-zero Gromov-Witten invariant counting pseudoholomor- 
phic spheres that pass through two generic points has finite ttj -sensitive Hofer-Zehnder capacity; 
if the manifold is simply connected one can instead use arbitrary-genus Gromov-Witten invariants 
counting curves through two generic points. For instance this applies to all closed toric manifolds 
(to see this one can use Iritani's theorem [JrO?,] that a toric manifold has generically semisimple big 
quantum homology, so that in particular the class of a point is not nilpotent in quantum homology), 
and also to any simply-connected closed symplectic four-manifold with b"*" = 1 (this follows from 
work of Taubes and Li-Liu; see [|Ullb , Appendix A] for the argument). 

There is a substantial history of results showing Hofer's metric on Ham[M, co) to have infinite 
diameter for a variety of symplectic manifolds (M, co); Theorem ll.ll overlaps somewhat with these 
prior results but also includes many new cases (and conversely, there are a some examples which 
are covered by previous results but are not covered by Theorem ll.il including CP"). Notable 
early results in this direction include those in fLM95b, Section II.5.3], [lPo98ll . IIScOO , Section 5.1], 
and [EPOS, Remark 1.10]. More recent work of McDuff [,M09. Lemma 2.7] shows that the Hofer 
metric has infinite diameter provided that the asymptotic spectral invariants, which a priori are 
defined on the universal cover Ham{M, co), descend to Ham{M, co). [M09, Theorems 1.1 and 1.3] 
provide a range of sufficient conditions for the asymptotic spectral invariants to descend, which 
are general enough to encompass nearly all of the cases in which infinite Hofer diameter has been 
proven for closed (M, co) until nowQ The argument in [M09] combines a construction of Ostrover 
[fOsOS ] of a path {^tltgK ^^ Ham{M, co) for any closed (M, co) for which the asymptotic spectral 
invariants (and hence the lifted Hofer pseudo-norm on Ham[M, co)) diverge to oo, with a detailed 
analysis of the properties of the Seidel representation ||Se97ll of 7Ti(Ham(M, co)) which finds that 
the asymptotic spectral invariants descend and hence that Ostrover's path has \\4>t\\ -^ oo under 
the conditions given in [M09, Theorems 1.1 and 1.3]. Roughly speaking, the hypotheses of [M09l 
Theorems 1.1 and 1.3] ask for (M, co) to either have large minimal Chern number (at least n+1, 
or n under additional hypotheses, if dim M = 2n) or else to admit few nonvanishing genus zero 
Gromov-Witten invariants (for instance (M, co) could be weakly exact or, under mild topological 
hypotheses, negatively monotone). As is shown in IIMQ9II , once these conditions are violated the 
asymptotic spectral invariants can very well fail to descend — for instance by [M09^, Proposition 1.8] 
they never descend when (M, co) is a point blowup of a non-symplectically-aspherical manifold; in 
this case the minimal Chern number of M can be as large as n — 1. 

There are many manifolds obeying Theorem ll.il which are not covered by the results of [IM09II 
or by any other results on infinite Hofer diameter that I am aware of For instance McDuff 's criteria 
are not robust under taking products or point blowups, whereas we have noted above that (at least 
for sufficiently small blowups) the criterion in Theorem 11.11 is preserved under these operations. 
Thus for instance while the non-symplectically-aspherical minimal examples from (C) above obey 
both Theorem 11.11 and McDuff's criteria, when these examples are blown up or when they are 
replaced by their products with (say) S^ they obey only Theorem 11.11 Prior results also do not 
seem to suffice to prove infinite Hofer diameter for a variety of nontrivial bundles over positive 
genus surfaces (for instance nontrivial irrational ruled surfaces) as in (A) above. Also from the 



The only exceptions to this that I am aware of are products of positive genus surfaces with other manifolds (for which 
the result follows from the stabilized non-squeezing theorem of ['LPe99'|, as mentioned on [|LM95bl II, p. 64] — of course 
this case is also covered by Theorem II. H and the case of a small blowup of CP^ which is covered in IIMIOII . 
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calculations of Gromov-Witten invariants in IIBTOlll one can see that Sym'^Sg does not satisfy the 
hypotheses of ||M091 Theorems 1.1 and 1.3] when d>g>l. 

Of course, another advantage of Theorem 1 1.1 1 is that it yields not just infinite diameter but also 
a quasi-isometrically embedded infinite-dimensional normed vector space in Ham[M,co). In the 
case that (M, co) obeys both the assumptions of Theorem 11.11 and the property that the asymptotic 
spectral invariants descend to Ham{M,CL)) as in [MOP], one can use llUlOal Proposition 4.1] to 
prove Theorem 1 1.11 — in fact in this case the embedding $: K°° -^ Ham{M, to) can actually be seen 
to obey precisely d($(v), $(w)) = osc{y — w) rather than just being quasi-isometric (verification 
of this is left to the reader). While it seems likely that Ham[M,co) always has infinite Hofer 
diameter, there is less consensus as to whether Ham<iM, co) should always admit embeddings of 
infinite-dimensional normed vector spaces like those in Theorem ll.il For instance L. Polterovich 
has pointed out that nothing currently known about Ham{S^) is incompatible with it being quasi- 
isometric to R. 

Our proof of Theorem ll.il like McDuff's proof of IIM09I Lemma 2.7], uses a quantity arising 
from filtered Hamiltonian Floer theory as a lower bound for the Hofer norm. Whereas McDuff uses 
the asymptotic spectral invariants for this purpose, we use a different quantity called the boundary 
depth, which was formally introduced in llUllall . though one can find hints of it earher — in par- 
ticular an argument in [Oh09] was influential in leading me to it. Unlike the asymptotic spectral 
invariants, the boundary depth is, as we will show, a priori well-defined on Ham{M, co) rather than 
just on Ham{M, co); consequently there is no need for a subtle analysis of the Seidel morphism 
as in [IM09I1 . On the other hand, while Ostrover's construction in [Os03J produces a sequence of 
Hamiltonians with diverging asymptotic spectral invariants on any closed symplectic manifold, it is 
not clear whether there always exists a sequence in Ham{M, co) with diverging boundary depths — 
indeed it seems plausible that no such sequence exists for M = CP". In particular Proposition 
15. 101 shows that the boundary depths of the Hamiltonians in Ostrover's sequence remain bounded. 
However for manifolds obeying Theorem 11.11 many sequences with diverging boundary depths do 
exist. 

Another advantage of the boundary depth is that it quite naturally and generally adapts to 
Lagrangian Floer theory and yields results concerning Hofer's metric on Lagrangian submanifolds, 
as we now discuss. 

1.1. The Lagrangian Hofer metric. Now suppose that (M, co) is tame (i.e., there is an co-compatible 
almost complex structure on M whose induced Riemannian metric is complete with injectivity ra- 
dius bounded below and with bounded sectional curvature). Fix a closed Lagrangian submanifold 
L c M and let 

if (L) = {^{l)\^ e Ham{M, co)}; 
thus if(L) is the orbit of L under the natural action of the Hamiltonian diffeomorphism group on 
the set of Lagrangian submanifolds Now for Lq, Li e i^(i.) define 

5ao,ii) = inf{||0|||</)(Lo) = Li}. 

Chekanov showed in fChOO] that 5 defines a nondegenerate metric on if (L); obviously Hamil- 
tonian diffeomorphisms act by isometrics with respect to this metric, which we will refer to as the 
Hofer metric on S£{L). 

Relatively little is known about the global properties of the Hofer metric on ^{L), especially 
when M is closed. In the model noncompact case in which M = T*L with its standard symplectic 
structure and where L is the zero section, results of Oh and Milinkovic imply that, where C^^L) 
denotes the space of smooth functions on L modulo addition of constants, the embedding / >-» 



To be clear, elements of ^{Vj are viewed as unparametrized submanifolds; equivalently we can think of i?(L) as the 
set of Lagrangian embeddings of L modulo precomposition by diffeomorphisms of L . 
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graph^df) is isometric with respect to the norm osc on C^iL) and the Hofer norm on ^{L) 
(this does not seem to be explicitly stated in Oh and Milinkovic's work, but can be extracted from 
IIMi02l Theorem 3]). More recently Khanevsky [Kh09] proved that if (L) has infinite diameter in 
case M = S'^ X (-1, 1) and L = S^ x {0}, or when M = D^ and L = {(x,0)| - 1 < x < 1}. It 
is also mentioned in [|Kh09|] that arguments from [|LM95b|] can be used to show that if(L) has 
infinite diameter when L is a homologically essential curve on a positive genus surface. Another 
approach to this statement in the case that L is a meridian on a torus appears in [LeOSI Remark 
5.3], where spectral invariants in Lagrangian Floer theory are used. Leclercq's approach could 
also be used in some other weakly exact cases (for instance for standard Lagrangian tori in T^"); 
however extensions beyond the weakly exact case seem more difficult due to the lack of a more 
general theory of Lagrangian spectral invariants. 

In contrast to the Hamiltonian case, it should not be expected that Hofer's metric on i?(L) always 
has infinite diameter; indeed we prove by an elementary argument in Section [9] that when L is the 
unit circle in K^ the diameter of if (L) is no larger than 2?!. 

By using the Lagrangian Floer-theoretic version of the boundary depth, we extend the class of L 
for which if (L) has infinite diameter in two directions. 

For the first of our results in this regard, note that if (M, co) is a symplectic manifold, then if we 
endow M x M with the symplectic structure (— w) ® w and denote by A the diagonal, we have an 
embedding 

Ham(M, w) '-^ if (A) 

cP^r^=Kx,(t>M)\x^M] 

This embedding preserves lengths of paths, and hence we have a relation 

5(r^,A)<||<^|| 

(of course equality can in principle fail to hold, since there might be a shorter path from A to F^ 
which leaves the image of the embedding) . We show: 

Theorem 1.2. Let (M, co) be a closed symplectic manifold such that there is a nonconstant autonomous 
Hamiltonian H: M —^M. such that all contractible closed orbits ofX^ are constant. Then the embed- 
ding $ : K°° —> Ham[M, CL>)from Theorem \l.l\ has the property that, for all v, w G K°°, 

||v -w\\(^ < SCr^,,-^,), r4,(„)) < osciv - w). 

In other words, our lower bound on the Hofer distance persists when we pass from the Hamilton- 
ian to the Lagrangian context by replacing Hamiltonian diffeomorphisms by their graphs. Thus for 
any (M, co) as in Theorem ll.il the space if (A) of Lagrangian submanifolds of M x M Hamiltonian- 
isotopic to the diagonal has infinite diameter, and indeed contains an infinite-dimensional quasi- 
isometrically embedded normed vector space. Theorem 1 1.2 1 is proven just after the proof of Theo- 
rem [TT7] in Section [6l 

This behavior should be contrasted with that seen in IIOs03ll . As mentioned earlier, Ostrover 
constructs therein a path {(^J in Ham{M, w) for any closed (M, co) which, at least in Ham{M, co), 
goes arbitrarily far away from the identity. Under topological conditions on (M, o)) such as those 
from [|M09II , one will indeed have \\4>t\\ —> oo where || • || denotes the Hofer norm on Ham{M, co). 
However, Ostrover shows in IIOs03ll that the Lagrangian submanifolds F^^ remain within a finite 
distance from A. Thus the Hamiltonian diffeomorphisms in Theorem 11.21 exhibit rather different 
behavior than those in Ostrover's path. 

To state our other main result on the Lagrangian Hofer metric, we prepare some notation. We 
denote S^ = R/Z, and, for m e Z+, denote 

C(Si) = {/:Si-R|(VxeSi)(/(x + l/m)=/(x))} 



and 
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where R acts by addition of constants. Thus C^^i.^^^ carries the norm osc{^j^ = max/ — min/. 
Let T^ = M^ll? and for / e C^q(S^) denote i/ = {(x,/'(x))|x e S^} (where of course the both 
coordinates are evaluated mod Z). We then have: 

Theorem 1.3. Let L <z M be a monotone Lagrangian submanifold of a tame symplectic manifold M 
with minimal Maslov number at least 2 whose Floer homology HF{L, L)is nonzero. Consider the space 
i?(Lo X L) of Lagrangian submanifolds of T^ x M Hamiltonian-isotopic to Lq x L. Then there is a 
constant C > such that for any integer m>2 and any f ,g ^ C^q(S^), we have 

osc{f -g)-C< 5{Lf xL,LgXL)< oscif - g). 

In the case that HF{L, L) is isomorphic to the singular homology of L, the constant C may be set to 
zero, so that f ^-> Lf x L is an isometric embedding of C^^^S^) into ^{Lq x L). 

Theorem ll.3l is proven at the end of Section[6] (with key input provided by Theorem l8.5D . Various 
small modifications to this result can also be established, as will be apparent in the proof First, 
the torus T^ can be replaced by the infinite cylinder T*S^, yielding the same conclusion. Moreover 
in this latter statement one could replace S^ by a more general closed manifold Lq, so that one 
considers Lagrangian submanifolds in {T*Lq) x M, and one would obtain at least that i?(Lo x^) has 
infinite diameter Also the monotonicity assumption on L appears to be only technical; assuming 
that HF{L, L) ^ all that is really needed is a Kiinneth-type formula relating the Floer complex of 
L c M to that of S^ X L c r^ X M. This Kiinneth formula is well-known in the monotone context, 
but likely is true in the more general setup of [FOOO09a] ; there is work in progress by L. Amorim 
aimed at showing this. 

In the case where L = M is a point (so that we are just considering Lagrangians in T^ Hamiltonian- 
isotopic to the meridian) Theorem 11.31 can be inferred from Leclercq's arguments in [ILeOSIj using 
spectral invariants; indeed in this case there is no need to assume m>2. However our use of the 
boundary depth requires one to take m > 2 in order to get nontrivial lower bounds. 

1.2. Boundary depth. As mentioned earlier, the proofs of our main results are based on the prop- 
erties of a Floer-theoretic quantity called the boundary depth, which was introduced in the Hamil- 
tonian context in HUlla i] . We indicate in this subsection some of the basic features of this quan- 
tity. Either the Hamiltonian Floer complex associated to a Hamiltonian diffeomorphism, or the 
Lagrangian Floer complex associated to two Hamiltonian-isotopic Lagrangian submanifolds, can be 
seen formally as the Morse-Novikov complex of an action functional on a cover of a suitable path 
spaceQ As such, the complex carries a natural filtration by K, obtained by considering sublevel sets 
of the action functional. Given a chain complex (C, 3) with a filtration by M, its boundary depth 
b(C, 3) is the infimal (actually, in the cases considered in this paper, minimal by Proposition I7.4D 
number p with the following property: whenever x lies in the image of d, there must be a chain 
y with dy = X and with filtration level at most p larger than that of x (see Section [3] for a more 
formal definition) . Thus b(C, 3 ) can be seen as a quantitative measurement, in terms of the filtra- 
tion, of the nontriviality of the differential d. In particular if 3 = then b[C,d) = 0. Unlike, for 
instance, spectral invariants, b has relatively little to do with the homology of the complex; indeed 



of course, the same is true of the Lagrangian Floer complex of a pair of non-Hamiltonian-isotopic Lagrangians, but 
since we have not (yet) found interesting applications of the boundary depth in this more general context this paper will 
restrict to Floer theory for Hamiltonian-isotopic Lagrangians in order to simplify the discussion. 
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in some cases in Lagrangian Floer theory (and also in the sectors of Hamiltonian Floer theory cor- 
responding to noncontractible loops) the homology vanishes but the boundary depth still provides 
nontrivial information. 

Now the Floer complexes associated to Hamiltonian diffeomorphisms (j) or to pairs of Hamiltonian- 
isotopic Lagrangian submanifolds (L,L' = 0~^(L)) depend on some additional data, notably in- 
cluding a specific Hamiltonian function H: [0, 1] x M ^ E inducing (j) as its time-one map. We 
will see however that the boundary depth is unaffected by changes in the choices of additional 
data, and so gives an invariant of the diffeomorphism 4> or of the pair of Lagrangians (L,L')0 
This occurs because different choices result in chain complexes which are what we call in Section 
[3] "shift-isomorphic" — roughly speaking, up to isomorphism of filtered chain complexes, the com- 
plexes associated to different choices differ only by uniform shifts in their filtrations (because in this 
paper we incorporate homotopically nontrivial loops and paths into the definition of Floer theory 
the appropriate definition is slightly more complicated than just allowing for a single uniform shift; 
see Definition I3.4D . Since the boundary depth is obtained by considering differences of filtration 
levels, it is unaffected by such uniform shifts. 

This allows one to canonically define the boundary depth for a Hamiltonian diffeomorphism 
or a pair of Lagrangian submanifolds (L, L') which satisfies the standard nondegeneracy hypotheses 
required in Floer theory. Moreover, the notion so obtained is continuous with respect to the Hofer 
norm, and so by continuity one can then extend the definition to degenerate cases. 

We will consistently work over a field K in this paper (standard choices for K in various situations 
are Z/2Z or Q — of course, there is also typically a Novikov ring (which we denote by A^-^) involved 
in the definition of the Floer complex, but what we call K refers not to the Novikov ring but to the 
field in which the coefficients of elements of the Novikov ring take values). The boundary depth 
can of course be formulated for complexes over rings which are not fields, but for the proofs of 
some of our algebraic results about the behavior of the boundary depth (e.g., Proposition 17.41 and 
Theorem l8.5D it is convenient to take i<^ to be a field. 

In any case, for a closed manifold (M, co) we obtain a boundary depth function 

I3[-,K): Ham[M,co)^R, 

and for a closed Lagrangian submanifold L of a tame symplectic manifold (M, co), equipped if 
necessary with a relative spin structure s and a bounding cochain b as in ||FOOO09al] (we denote 
by L the tuple (L,s, b)), we obtain a boundary depth function 

Pl(.-,K): if(L)-R. 

Here K denotes any field over which the appropriate Floer complex can be defined. We give com- 
plete definitions of these functions in Sections [5] and [6l but presently we state some of their prop- 
erties. 

In the Hamiltonian case, we can form the Floer complex over K where K is equal to any field 
of characteristic zero on arbitrary closed symplectic manifolds ( IIF099II . IILT98II ). or to any field 
whatsoever if (M, co) is semipositive IIHS95I] . 

Theorem 1.4. Let (M, co) be a closed 2n-dimensional symplectic manifold, and let K be afield, with 
characteristic zero if[M,co) is not semipositive. The boundary depth function I3{-;K): Ham[M,co) -^ 
[0, go) obeys the following properties: 

(i) // V e SympiM, co) and (p e Ham^M, co) then Piip'^cpipiK) = p[,(p;K). 
(ii) For any cp in Ham[M, co), 

Pi4>;K) = l3i(t>-^;K). 



In the Lagrangian case, at least if L is not monotone, one must also choose at the outset a relative spin structure and 
bounding cochain for L; the boundary depth (like the homology) may depend on this choice. 



HOFER'S METRICS AND BOUNDARY DEPTH 



(iii) p is 1-Lipschitz with respect to the Hofer norm: for any (f),\l) & Ham[M, co) we have 

\l3[ct,;K)-l3ii,;K')\<\\4,-^xP\\. 

(iv) l3{li^f;K) = 0, where lJ^^ 15 the identity. 

(v) // [N, 6) is another closed symplectic manifold and </) e Ham{M, co), t/) e Ham{N , Q), then 
the diffeomorphism cp x %[)•. M x N —> M x N obeys 

m X xP;K) > max{l3i4>;Kll3ii,;K)}. 

Modulo an algebraic result (Theorem l8.5D which is needed in the proof of part (v), Theorem 11.41 
is proven in Section [STTl 

Of course (iii) and (iv) combine to yield the following important corollary, which drives most of 
our applications: 

Corollary 1.5. For any (p e Ham{M, w) we have 

P{ci>;K)<U\\. 

Before describing the next important property of ^ we introduce some notation. If (M, w) is a 
closed symplectic manifold we will denote by F^ the subgroup of R given by 

r„ = {([w],A)|AeHj(M;Z)} 

where hJ(M;Z) is the subgroup of HjCM;^) generated by classes of form u^[S^ x S^] where 
u: S^ X S^ ^ M is continuous. (As a technical point, our use of toroidal classes hJ rather than 
just spherical classes has to do with the fact that we consider the sectors of Floer theory given by 
noncontractible orbits in addition to the contractible ones. Of course, any spherical class is also 
toroidal.) 

Let ifM denote the free loopspace of M. For each path component c choose an element j^ 
representing c. If 7: S^ ^ M and u: [0, 1] x S^ ^ M obeys u(0, •) = j^ and u(l,-) = 7, and if 
H : S^ X M ^ R is smooth let 



4„{y,u) = - u*co+\ H[t,rM)dt. 

'[o,i]xsi Jo 

The c-action spectrum of H is then by definition 

In general we have j4ii{y,u) — j^^ii{j,u') e r„; thus 5^^ is a union of cosets of F^, one for each 
1-periodic orbit of H. Note that S^^ depends on the basepoint j^ that was chosen for c; however 
one easily sees that the difference set {s — t|s, t e S^^] is independent of that choice. 

Theorem 1.6. Assume that (f) is nondegenerate and is generated by the Hamiltonian H: S^ x M ^ R. 
Then where 5^^ is the c-action spectrum of H for c e 7To(if M), we have 

Picp-K) &{0}U y {s-t\s,t&^j^} 

C67I„(^M) 

Moreover, again assuming that cp is nondegenerate, p[(p;K) = if and only if the number affixed 
points of (p is equal to Xi;c=o fankHi^{M;K). 

Proof See the end of Section lSTTl D 

We now turn to the Lagrangian case. Lagrangian Floer theory was formulated for closed mono- 
tone Lagrangian submanifolds L of tame symplectic manifolds (M, co) in [,Oh93,] over Z/2Z co- 
efficients assuming that the minimal Maslov number of L is at least 2; and for relatively spin 
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Lagrangians which satisfy an unobstructedness condition in ||FOOO09a|] over Q. In the formula- 
tion in ||FOOO09al] one must additionally choose a relative spin structure on L and a "bounding 
cochain" in order to obtain a chain complex (and the quasi-isomorphism type will depend on these 
choices); our convention throughout this paper will be to denote by L a choice of a Lagrangian 
submanifold together with whatever such additional structure is needed in the case at hand. 

Where i<^ is a field as above, the following theorem describes some salient properties of the 
boundary depth function Pi{-;K): if(L) ^ K on Lagrangian submanifolds Hamiltonian-isotopic 
to L. As in ||Ch98IL for an almost complex structure J compatible with to we let cr(M,L, J) equal 
the smaller of either the minimal area of a nonconstant J-holomorphic disc with boundary on L, or 
the minimal energy of a nonconstant J-holomorphic sphere intersecting L. 

Theorem 1.7. For any L^, Lj e i?(L) we have: 

(i) \Piai;K)-Pia2;K)\<5ai,L2). 

(ii) If the Floer homology HF{L,L) is isomorphic to the singular homology H^(L) (with the appro- 
priate Novikov ring coejficients) then l3i{L;K) = 0. However, if HF{L,L) is not isomorphic 
to HjjS), then l3i[L;K) > a{M,L,J)for any co-compatible almost complex structure J. 

(iii) //L n Lj = then fe(Li) = 0. 

(iv) Let (M, o)) be a closed symplectic manifold, (p e Ham[M, co), and let F^ c M x M be the 
graph of(f). Then where M xM is endowed with the symplectic structure (— w)®co and where 
A 15 the diagonal, for a suitable relative spin structure and bounding cochain on A we will 
have 

M^^;K) = Pi(P;Kl 

More specifically, in [|FOOO09b[ p. 32] the authors construct a relative spin structure on A 
such that is a bounding cochain, and in (iv) we may use this relative spin structure and the zero 
bounding cochain. 

Points (i)-(iii) above evidently combine to recover Chekanov's famous result ||Ch98|| (at least for 
Lagrangians with well-defined Floer homology) that any Lagrangian submanifold has displacement 
energy equal to at least supj a{M,L,J). When one unravels the arguments underlying the proofs, 
though, it becomes clear that this is not really a new proof of Chekanov's theorem, as similar ideas 
(though organized differently, of course) have been used in proofs such as the one in [CL05 , Section 
4.3]. This approach to estimating the displacement energy of a Lagrangian submanifold seems to 
be very closely related to the approach using "torsion thresholds" in Floer homology in IIFOOOllTl . 

We next consider boundary depths of products of Lagrangians. Suppose that we have Lagrangian 
submanifolds L c M, L' c M' with well-defined Floer homologies (at least after enriching them 
with appropriate additional data to give L, L') ■ Let us say that L and L' satisfy the Kilnneth property 
if, for generic Hamiltonians H: [0, 1] x M ^ R, H' : [0, 1] x M ^ K, auxiliary data can be chosen in 
such a way that the Floer complex CF[L x L' : H-\-H';K) is isomorphic as a filtered chain complex 
to the tensor product of CF[L : H;K) and CF{L' : H';K) once coefficients are extended so that all 
three chain complexes are defined over the same Novikov ring. When L,L',LxL' are all monotone 
the Kiinneth property is well-known; see for instance [ Li04 , Section 4] . In the much more general 
setting of [FOOO09a], the Kiinneth property has yet to appear in the literature, but is the subject 
of work in progress by L. Amorim. 

Theorem 1.8. Assume that L and V satisfy the Kiinneth property, and let N e i?(L), N' e i?(L')- 
Assume moreover that the Floer homology HF{L' , V) is nonzero. Then 

P^,[NxN')>l3im- 

1.3. Outline of the paper. The focus of this paper alternates between geometry and algebra. 
In the upcoming Section [2] we introduce the notion of the boundary depth in a simple yet still 
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interesting case, namely that of Morse functions on S^. This discussion will later become relevant 
in the proof of Theorem II .31 it has been placed near the start of the paper in the hope that it will 
also help the reader develop an intuition for the boundary depth. 

Section [3] introduces the boundary depth from an algebraic standpoint, proving for instance 
continuity properties of the boundary depth under algebraic assumptions which model the behavior 
of continuation maps in both Hamiltonian and Lagrangian Floer theory. Section |4] is devoted to 
an algebraic result about the boundary depths of filtered chain complexes that are obtained as 
"quantum corrections" of unfiltered complexes in a way reminiscent of the "Morse-Bott" approach 
to calculating Floer homology. This result is the key ingredient in Theorem |1.7| (ii). 

Our main results about Ham[M, co) are proven in Section [S] while those about Lagrangian 
submanifolds are proven in Section [6l modulo some algebraic details which are deferred to the 
following two sections, as well as a technical point relating to transversality that is needed for 
the proof of Theorem 11.11 and is deferred to the Appendix. Another result of Section [5] Corollary 
15.121 asserts an a priori upper bound on the boundary depths of Hamiltonian diffeomorphisms 
generated by Hamiltonians supported in a given displaceable set (a slightly weaker result appears 
in llUllain . Thus, while one might in principle hope to show that an arbitrary closed S3miplectic 
manifold admits a sequence of Hamiltonian diffeomorphisms with diverging boundary depths (and 
hence Hofer norms), CoroUarv 15 . 1 2 1 suggests that one could not expect to obtain such a sequence 
by any purely local construction. 

We turn back to algebra in Section[71 whose main result is Proposition [731 which asserts roughly 
speaking that the supremum in one version of the definition of the boundary depth is attained. 
This fact is used in the proof of Theorem II. 61 and also in the following Section [HJ which concerns 
boundary depths of tensor products of chain complexes. Theorem 18.51 plavs an important role in 
the proof of Theorem 11.81 and hence also of Theorem 1 1.3 1 

In Section |9] we give an elementary proof of the fact that the Hofer metric on the space of 
Lagrangian submanifolds of IS? Hamiltonian-isotopic to the unit circle has finite diameter. It would 
not surprise me if this fact is already known, but I was unable to find documentation of this. This 
example suggests that some degree of rigidity should be required of a Lagrangian submanifold L 
before one expects .Sf (L) to have infinite diameter. 

Finally, the Appendix proves a technical result which implies that the index-one, t -independent 
solutions to the Floer equation for a time-independent Hamiltonian and almost complex structure 
can be arranged to be cut out transversely in certain circumstances. This is needed in order to 
justify the identification of the Floer- and Morse-theoretic boundary depths that occurs in the proof 
of Theorem l5.6l and hence to complete the proof of Theorem [lTI 
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2. Morse-theoretic boundary depth in S^ 

As an introduction to our main tool, we examine its behavior in perhaps the simplest nontrivial 
context, namely for Morse functions on the circle. The calculation which we perform here will be 
of use to us later in our proof of Theorem 1 1.3 1 
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If M is a closed manifold, K a field, / : M —>Ra Morse function, and g a metric with respect to 
which the gradient flow of/ is Morse-Smale, one obtains a Morse complex CM.f[f) in a standard 
way (see, e.g., [■Sc93]): let Critj^^f) be the set of critical points of / with Morse index k, and 
let CMi^[f;K) be K-vector space spanned by Critj.(/). The boundary operator d : CMi^[f;K) —> 
CM^_^{f;K) is given by for p e Crit^if), 

where n{p,q) is the number of negative ^-gradient flowlines from p to q, counted in the field 
K with appropriate signs as determined by chosen orientations of the unstable manifolds of the 
various critical points of / . Of course one has 5 o 3 = 0, and the resulting homology is isomorphic 
to the singular homology H^(M;J<r). For an element a = Xi; ^iPi ^ CM^{f;K) set 

£(a) = max{/(p,)|a;#0} 

and, for A e M, define 

CM^{f;K) = {a e CM,(/;K)|£(a) < A}. 
This gives a filtration by E on CM^{f;K). Now define the boundary depth by 

&orse(/;^) = inf{^ > 0|(VA G ]R)(CM,^(/; K) n (/m5) c d{CMl+P{f;K)))}. 
Equivalently, as follows from a moment's thought, 

if 5 = 0, 



pMorsXf;K)-^ supo^,^,^3inf{^(j)-^W|5y = ^} if5#0. 

One can also express the boundary depth in terms of the homologies of the sublevel sets of / 
and their inclusions into M; we leave it to the reader to find a suitable formula. 

We will now give another formula for the boundary depth of a Morse function on S^. As notation, 
if fc > 2, define 



cyc,k 



Si ,= (pi,...,p,)e(Si)'' 



Pi, . . . ,pf, are distinct and 
in counterclockwise cyclic order on S^ 



Theorem 2.1. let f : S^ ^ R be a Morse function. Then 

(1) PmorseiflK) = sup { min{/( ti),/( tg)} - max{/(t2),/(t4)}| (tj, tj, ts, ^4) ^ S^^^^ 4} . 

Proof. A Morse function on S^ has the same number of local maxima as local minima; let m denote 
this number Moreover maxima and minima obviously alternate as one goes around the circle, so 
we can denote the maxima by pj, . . . , p^ and the minima as qj, . . . , q^, labeling in such a way that 

/(Pi) = max/ and (Pi, qi, P2, q2, ••-, Pm, Qm) ^S^^, 2m- 

With respect to the standard orientations of the unstable manifolds one has 

3 Pi = q, - q,-i 

where the indices are evaluated modulo m (so dp^ = qi — q^)- 

We first dispense with a trivial case: that in which m = 1. In this case the Morse differential 
vanishes, and so PMorseiflK) = 0. Meanwhile we assert that in this case the set over which the sup 
is taken in dl]) contains no positive numbers. Indeed, if (t^, t2, t^, t^) &S^ ^ ^ had the property that 
min{/(tj),/(t3)} > max{/(t2)j/(f4)} then we would obtain two distinct local minima qi,q2 of/ 
by having q^ be a minimum of/ on the oriented interval from tj to t^ and having q2 be a minimum 
of/ on the oriented interval from t3 to t^, thus contradicting the assumption that m = 1. On the 
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Other hand the set over which the sup is taken in Jl]) certainly contains numbers arbitarily close to 
zero: just take the t; to be very close to each other. Thus when m = 1 both sides of ^ are zero. 

So for the rest of the proof assume that m > 2. Since p^ is a global maximum for / and pj 
is the unique local maximum on the oriented interval from q^ to qj we have min{/(pi),/(p2)} — 
max{/(qi),/(q2)} > with (Pi,qi,P2,q2) ^ ^l cv ^° ^^^ right hand side of (O is positive. 

Claim 1.1. The right hand side of (O is equal to 

(2) rC/) = max |min{/(p,),/(pj)} - max{/(qj,/(q;)} iPi,qk,P],qi) ^ S'^yc,4 | • 

In other words, we are claiming that (when m > 2) we may evaluate the right hand side of ([l]) by 
restricting to the case that tj, t^ are local maxima and t2, t^ are local minima. Indeed, suppose we 
have some (t^, t2, t^, t^) e S^ ^ with minftj, t^] > max{t2, ^4} (by our earlier remarks such t,- do 
exist when m > 2) . Set p; equal to a global maximum of/ on the oriented interval from t^ to t2, and 
Pj equal to a global maximum on the oriented interval from t2 to t^. Then (p;, t2,Pj, t^) e S^ ^ 
with min{/(p;),/(pj)} > max{/(t2),/(t4)}, so set q^ equal to a global minimum of/ on the 
oriented interval from p; to pj and q; equal to a global minimum of/ on the oriented interval from 
Pj to Pi. Then (^Pi,qk,Pj,qi) e S^^.^ and 

min{/(p,),/(pj)} - max{/(qO,/(q!)} > min{/(ti),/(t3)} - max{/(t2),/(t4)}, 

which clearly suffices to prove the claim. 

It thus remains only to show that ^Moise(/;^) = t(/) where j^f) is defined in ([2]). Note that 
since 3p; = q^ — q^-i we easily find that 



(3) kera = I nY,p, 

and 



neZ 



(4) Imd = \Y,njqj 



j=i 



Zi";=0 



Choose i,j, k, I achieving the maximum in ([2]); without loss of generality (since S^ 4 is invariant 
under cyclic permutations) say fc < Z. Let 

Xo=qi-qk^CMoif;K). 

Then where 

I 

yo= "^^ Pr 

r=k+l 

we have dyQ = Xq. So given ^, any y G CMi[f;K) such that dy = Xq has the form 

y= ^ (n+l)p, + ^ np, 

re{k+l,...,l] r^{k+l,...,l} 

for some n e Z. Now since (p,,qj;,Pj,q;) e S^^ 4 we have j e {fc+ 1,...,Z} and i ^ {fc + 1,. ..,/}. 
Hence if y = X'^rPr has dy = Xq, the coefficients on a, and a^ differ by one; in particular (regard- 
less of what field we are working over) they are not both zero. Thus £(j) > min{/(p,),/(pj)}. So 
by our choice of i, j, k, I we have shown that 

inf{£(y) - £(xo)|5y = x^} > min{/(pj,/(p^)} - max{/(q,),/(q,)} = yifl 
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This proves that 

pMorse(f;K)>r[f). 

We now prove the reverse inequality. To do this we must show that, H x = '^. n^q^ is a nonzero 
element of Imd, then there is y such that dy = x and £(j) — £(x) < yC/). 
We will show, specifically, that the element 




satisfies the required property. Given that x e Imd and hence Xiili "; = by Q, it is easy to see 
that dy = X. Now we have 

(5) £(y) = max|/(p,) 



i=l 



(of course, the set above is nonempty since we assume x ^0), and 

(6) £W = max{/(q,)|n, #0} 

Let ji be the index corresponding to the maximum in ([5]) and let ij be the index corresponding 
to the maximum in ([6]). Since our ordering was such that pj was a global maximum for /, we have 

^(j) = /(P;,) = min{/(pi),/(p,-^)}. 

Let Iq and ij be, respectively, the minimal and maximal elements of {i|n; / 0}. Since 

L 



"^ n, = 



1 = 1 I=Io 

we have Iq + 1 < ji < 12- Of course, 

^W=/(qO = max{/(q,J,/(q,J} = max{/(q,J,/(q,^)}. 

If ij < ji, then we have (pi,q,j,Pjj,q,,) e S^^^^^ with 

^(x) - ^(j) = min{/(pi),/(p,-^)} - max{/(q,^),/(q,g} < r(/), 

while if ji < ii we have (pi,q,„,Pjj,q;^) e S^^^.^ with 

^(x) - £(y) = min{/(pi),/(p,J} - max{/(q,J,/(q,J} < yifl 

So we have indeed shown that any nonzero x e Imd has a preimage y with i{y) — £(x) < jif), 
implying that ^MorseiflK) < rifl □ 

Remark 2.3. While Puorseif '^^^ is defined using Morse theory, the formula on the right-hand side 
of (O obviously does not require / to be a Morse function — or even to be differentiable. Moreover 
Theorem 12. 1 1 clearly shows that PMorsei'^^) is continuous with respect to the C°-norm. This latter 
property continues to hold on a general manifold M, and so implies that PMorsei'l^) can always be 
canonically extended to all of C°(M;]R); we will prove analogues of this fact in the Floer-theoretic 
context later 

Remark 2.4. In ([l]), the fact that [ti,t2,t^,t^) e S^ ^^ amounts to the fact that the two copies 
of S° c S^ given by {fj, t^} and {t2, t^} are linked in the sense that, while both copies of S° are 
nullhomologous, any chain whose boundary is equal to one of the copies of S° must intersect the 
other copy. Thus on S^ the statement that the boundary depth of a function / is nonzero amounts 
to the statement that one can find two linked copies Cq,Ci of S° c S^ such that f\c > f\c ■ A 
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similar "linking" interpretation of the Morse-theoretic boundary depth on more general manifolds 
can be extracted from the formula in [lUlObI Corollary 1.4]. 

3. General algebraic considerations 

Let us formulate abstractly some of the relevant algebraic notions. First of all, as notation, if S 
is a set equipped with an action of the integers Z and if fc e S we denote by fc + 1 and fc — 1 the 
results of acting on k by, respectively, 1 and —1. 

Definition 3.1. Let S be a set equipped with an action of Z, and let K be a field. An S-graded, 
R-filtered complex over K consists of the following data: 

• A K-vector space C together with a K-linear map d : C ^ C such that 3 o 3 = 0. 

• For each fc e S, a subspace Q < C such that C = ®(:gsQ and 3(C;J < Q_i. 



For each fc e S and each A e K, a subspace C^ < Q such that 



^k — Ua€K ^k ' 

- n^euCk = {Oh 

- if A < /i then C^ < Cf"; and 



k 
k-l — ^k-1- 



5(C,^) < C^ 



We write 






Definition 3.2. Let (C, 3) and (D, 5) be two S-graded, M-filtered complexes over K, and let c e R. 
A c-morphism * : C ^ D is a K-linear map such that 

• $ is a chain map: $ o 3 = 5 o $ 

• For all fc e S and A e K we have 

HC^)<Dl+'. 

Definition 3.3. Let ^i, $2 : C ^ D be two chain maps where iC,8) and (D, 5) are two S-graded, K- 
filtered complexes over K, and let c e IR. A c-homotopy from $1 to ^2 is a K-linear map J^: C —> D 
which, for each fc e S and A g R, obeys 

• J^iC^) < D^+l and 

• $2 - "^1 = ^3 + 5jr. 

Definition 3.4. Let [C,d) and (D, 5) be two S-graded, K-filtered complexes over K. A shift- 
isomorphism from C to D consists of the following data: 

• A bijection (j): S^S such that 0(fc + 1) = </)(fc) -I- 1 for all fc e S. 

• A function cr : S ^ R such that a^k + 1) = o-(fc) for all fc e S. 

• A chain map $ : C ^ D such that, for each fc e S and A e K, $ restricts as an isomorphism 
from C^ to D^+'!f''\ 

k (Pik) 

Of course, using that compositions and inverses of bijective chain maps are bijective chain maps, 
shift-isomorphism defines an equivalence relation on S-graded, R-filtered complexes. 

Definition 3.5. Let [0,8) be an S-graded, R-filtered complex over K. If fc e S, the boundary depth 
of C in grading fc is the quantity 

bfc(C,3) = inf{/3>o|(VAGK)((/m3)nq^c3(q^+f))|. 

The boundary depth of C is simply the quantity 

KC,3) = supbfc(C,3). 

kes 
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It is easy to check that, equivalently, 

b(C, 3) = inf |/3 > (VA e K) ((7m5) n C^ c 5(C^+^)) | , 

i.e., b[C,d) is just the boundary depth that we would obtain by forgetting about the grading (or 
rather, by considering C to be graded by a one-element set). 

In principle, the set over which we take the infimum in the definition of b^(C, 5) could be empty, 
in which case we would set bj.(C,5) = oo. However, in the situations that we will consider, the 
complex (C, 5) will have additional structure which will guarantee the finiteness of b(.(C, 5) using 
results such as HUOSl Theorem 1.3] and/or ||FOOO09al Proposition 6.3.9]. 

Note that in the case where 5|c =0 (including the case where Q or Q+j is zero), we have 

Proposition 3.6. If there is a shift-isomorphism [^ , (p , u) from (C,5) to (D, 5) then, for all fc eS, 

ft(C,5) = /3^(y(D,5). 

In particular 

l3iC,d) = l3[D,5l 

Proof For x e C, we have x e C^ iff $x e ^.t^} , and, using that $ is a chain map while 

4>ik+l) = 4>[k)+l and cr(fc+l) = o-(fc), it holds that j e q^+f and dy = x iff $y e C^'lk)+i*^ ^^^ 
5^y = $x. Since * and (j) are bijections the proposition follows immediately from the definitions. 

D 

Definition 3.7. Let c e M, fc e S and let (C, 5), [D, 5) be two S-graded, K-filtered complexes over 
K. We say that (C, 5) and (D, 5) are c-quasiequivalent if there are: 

• numbers Cj and Cj such that Ci+C2<c; 

• a Cj-morphism $: C ^ D and a Cj-morphism *: D ^ C; and 

• a c-homotopy Xj : C ^ C from the identity to * o $, and a c-homotopy JTj • D ^ D from 
the identity to $ o ^. 

Proposition 3.8. If(_C,d) and (D, 5) are c-quasiequivalent then for allk^S we have 

Thus in particular \biC,d)- biD,5)\ < cfl 

Proo/ By symmetry it suffices to prove that b^(C,5) < bi^[D,5) + c. In other words, we should 
show that, if ^ > has the property that, for all A e R, (/m5) n D^ c 5(D^^f ), then it also holds 
that, for all A e R, (/m5) n q^ c 5(q^+{'+^). 

So let Cj, C2, $, *, J^i be as in the definition of c-quasiequivalence and let x e (/m5) n C^. Since 

$ is a Cj-morphism, we have $x e [Im5) n i'j^''''^'. So by the assumption on (3 there is j e Dj^^j'^ 
such that 5y = $x. So since * is a Cj-morphism and Cj + Cj < c we have 

5*y = *o$(x) and *y e q"+'^+'^+^ < q"+'+^ 
Of course, since x is a boundary we have dx = 0, and so the chain homotopy equation reads 

*o$(x)-X = SJTjX, 

where J^^x e C^^j since J^j is a c-homotopy. So (using that ^ > 0) we have 
x = 3(*j-jrix) where *j - JTjX e q^^^"^^. 



In case some of the terms involved here are infinite, these equations should be read as stating that if one of the terms 
is infinite then so is the other 
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as desired. 

D 

4. Quantum corrections and the boundary depth 

The Lagrangian Floer homology HF{L,L) of a Lagrangian submanifold L can be obtained as 
the homology of a chain complex whose boundary operator is obtained by adding to the standard 
Morse boundary operator on L an operator defined over a Novikov field which represents "quantum 
corrections" (see the construction of the "pearl complex" in [BiC07], and also the construction in 
l|FOOO09c| '). We presently put this idea in abstract algebraic terms, and then make an observation 
concerning the boundary depths of complexes obtained in this way. 

First, if J<^ is a field and F < K is an additive subgroup, the Novikov field associated to K and F is 
the field 

^"'^ = \ Jl^'J' hs ^ ^' (^C ^ ^X#J^ ^ ^l^ir / 0, g < C} < 00) 

equipped with the obvious "power series" addition and multiplication. 

Definition 4.1. If K is a field, we say that a field A is a Novikov field over K if we have A = A^'^ for 
some subgroup F < K. 

If A is a Novikov field over K, we view K as the subring of A consisting of those elements ^a^T^ 
with a =0 for all g 7^ 0. Also, let 



and 






Definition 4.2. Where S is a set with an action of Z, let (C = ®tesQ,3o) be a chain complex of 
IC -vector spaces. Let A = A*^'^ be a Novikov field over K, and let /x : S ^ F n (0, 00) be a function. 
A chain complex (C = ®;t€sQ' 5) of A-modules is called a quantum correction of C of gap at least /x 
if the following holds: 

• For all fc e S we have Q = Q (gj^ A 

• Where we use the inclusion of K to view each Q as a subgroup of Q (^^ A, we have 

(5 - 5o ® l)(Q+i) < r''W(Q ®j, A>o). 

In particular, in the context of the above definition it always holds that d (C ®jf A>o) < C 0^ A>o. 
Of course, ii d\^ = (^g ® l)lc then we may choose to take /x(fc) as large as we like. 

If (C,3) is a quantum correction of (C, Sg), then (C,5) naturally has the structure of an S- 
graded, K-filtered complex over K (not over A!) in the sense defined earlier Namely, for any k 
define the function 

v: Q^KUjoo} 
by 

(7) v(x) = sup{/xeK|xer''(C(8ij^A>o)}. 

Then for A e R and fc e S we set 

q^ = {xeC|-v(x)<A}. 
Verification of the relevant axioms is straightforward. 
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Proposition 4.3. Let (C, 3o) be a chain complex of K -vector spaces such that each Q is finite- 
dimensional over K, and let {C,d) he a quantum correction of (C, Sg) of gap at least /i. Then 
bi^[C,8) < oo for all k. Moreover, for all fc e S, exactly one of the following two alternatives holds: 
(i) b;t(C,5) = b,_i(C,5) = 0, anddim^H^[C,d) = dimKH^[C,do);or 
(ii) b^iCd) > M(fc) or b,_i(C,5) > K^-l), and dimj,Hk(^C,d) < dim^H.CC.ao). 

Proof If we choose a basis of Cj. over K and use this basis to identify Q = Q ®j^ A with A'^ for 
some JV then the function v defined in ([7]) coincides with the function v defined at the start of FUOSI 
Section 2]. The assertion that bi^[C,8) is finite then follows immediately from [U08, Theorem 2.5] 
(in the notation of that theorem, set t = and let Abe a matrix representing the boundary operator 
d : Q+i -^ Q). Further borrowing notation from IIU08II and HUlObll . if [/ < Q is a subspace write 

[/>o = {x e [/|v(x) > 0}, U+ = {x^U\vM>0}, U = -f^. 

Thus U>Q is a A>o-module, and U is a K-vector space. If x e U>q we denote its image in the 
quotient U hyx. Also, we define 

v: A-»RU{oo} 
'a T^ ^minig-.a^O}. 



E- 



As in [|GG67l] . flU10b|] . if [/ < Q we will call a basis {ui,...,u^} for U orthonormal if, for all 
Xi, . . . , A^ e A, we have 

(8) v(^gA,.u,J = min^v(A,). 

Lemma 4.4 C flGG67n . flU10b|] '). If U < Q> t^en a subset {ui,...,u^} c U>q is an orthonormal 
basis for U if and only if {ui,...,u^} is a basis for U. Consequently any subspace U < C^. has 
an orthonormal basis, and if U < V < C^. then any orthonormal basis of U can be extended to an 
orthonormal basis of V. Moreover, drnif^ U = dim^^ U. 

Proof of Lemma \4A\ The sufficiency of the condition in the first sentence is proven in the proof of 
[lUlOb l Lemma 2.1]5 Since a basis for U can always be found, it follows that U has an orthonor- 
mal basis, and that dimy,^ U = dimj^ U. For the necessity of the condition in the first sentence, if 
{ui, . . . , u„} is an orthonormal basis then ([8]) immediately implies that the u, are linearly indepen- 
dent in U, and so they form a basis for U since dim^ U = dimj^ U. 

Now that we have proven the first sentence, the only remaining statement, namely that any 
orthonormal basis for U can be extended to a orthonormal basis of V if U < V, follows directly 
from the facts that if LT < V then U < V, and that any basis of U can be extended to a basis of 
V. D 

Since for all k we have 

dim^H^tCC, 3) = dim^kerCSIcJ - rankid\c^^J = dim^Q - rankid\c^^J- rankid\cj 

and likewise 

dim^H^CQ, do) = dim^^ Q - rankid^lc^^^)- rank^d^lcj, 

and since dimy,^ Q = dimj^ Q, the proposition now follows from the following lemma: 



Strictly speaking it is assumed throughout lUlObl that the subgroup r < K used to define the Novikov field is countable, 
but this assumption is not used in the proof of B UlObl Lemma 2.1] . We also mention here that the notion of an orthonormal 
basis is closely related to that of a standard basis from ||FOOO09a. Section 6.3] . 
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Lemma4.5. Forallkwehaverank[dQ\g^ ^) < ranfc(5|Q ^). Moreover, ifranfc(5o|Q ^) < ranfc(3|Q ^) 
then hiC,d) > ix{k), while ifrankido\cZ) = rankid\c^J then b^[C,d) = 0. 

Indeed, given Lemma |431 the alternative (i) in Proposition |4.3| occurs exactly when both rank^d^lg ) : 
ranfc(5|Q^J and rank^dolc^) = rank[d\cj; otherwise, alternative (ii) in Proposition 14.31 holds, 
thus completing the proof of that proposition modulo the proof of Lemma [43] D 

Proof of Lemma [431 Throughout this proof we make implicit use of the embedding of Q into 
(Q)>o ^ Q induced by the inclusion of K into A (as elements consisting only of multiples of 
T°). If i/ < Q is any subspace, this embedding induces an isomorphism 

Choose Xi,...,Xj„ e Q+i < Q+i so that d^Xi, ..., 3oX,„ forms a basis for /m(5olc^^j ). We claim 
that the elements Sxj, . . . , 3x„ are linearly independent over A in Q. Indeed, if Aj, . . . , A„ e A 
are not all zero and if g = min^ v(AJ, then since v(3x, — dQX^) > for all i we see that the element 

I r-g^A,5x, 

is a nontrivial linear combination of the d^x^ and so is nonzero. This proves that 
(9) rank^do\c,J<rankid\c^J. 

Now suppose that equality holds in ([9]). Then by the last sentence of Lemma |4l4l we have 

dimjf (^/m(3 \c^^^ )] = dim^ /m(5 |c^^^ ) = m; 



thus since SqX, = dx^ a dimension count shows that the SqX; form a basis for /m(5|Q^^), and 
hence by Lemma |4l4l the dx^ form an orthonormal basis for /m(3|(; ). Meanwhile the X; (being 
hnearly independent elements of the "level zero" subspace Q+j < Q+i) obviously form an or- 
thonormal basis for the subspace of Q+i which they span. Consequently if a e /m(5|c ) we can 
find Ai, . . . , Am e A so that 

a=^?iidxi = d |^A,x, I , 

and using orthonormality we see that 

v(a) = minv(A;) : 

i 

This proves that, when equality holds in ([9]), we have bp.[C,d) = 0. 

It remains to consider the case that ranfc(3o|Q J < ranfc(3|Q^J. In this case, we again let 
Xj, . . . , x^ G Q+i < Q+i have the property that the SqX; form a basis for the image of 3olc . Let 
U denote the subspace of Q+j spanned by the X;. As noted earlier, the X; (viewed now as elements 
of Q+i) form an orthonormal basis for U. Using Lemma |4l4l extend this basis to an orthonormal 
basis {xi,...,x^,... ,Xp] for the subspace [/®ker5 = d~^[dU). The fact that ranfc(3olc ) < 
ranked \c ) imphes that this subspace of Q+j is proper, so we extend the basis further to an 
orthonormal basis {xi,...,Xp,Zi,...,Zq] for all of Q+i, where q > 1 by the assumption on the 
ranks. By Lemma [4!4l to perform this further extension it suffices to choose the z, e (Q)>o in such 
a way that the reductions Xi,...,Xp,Zi,...,Zg are linearly independent over K. In particular, we 
may assume that z^ belongs to Q^^ : indeed, if it does not initially, then we can simply subtract off 
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all of its higher order terms, which does not change Zj and so does not affect the orthonormality of 
the basis. 

Having done this, the condition on Xi,...,x^ shows that there are Ci,...,c^ e K such that 
c'oZi = Xilli Ci^oX;. Now set 

m 
i=l 

SO that z e C^^i < Q+j with SqZ = 0, and let 

a = dz. 

By construction, we have 

a-3zi g5[/, 
so since dzi^ dU we have a 7^ 0. Additionally, since SqZ = we have 

a = (3 - 3o ® 1> e T'^^'^^CQ 8^ A>o). 
Meanwhile, if z' e Q+j has dz' = a, thenz' — z^ e d~^[dU), and so there are Xi,...,?ip such that 

p 

i=l 

So by the orthonormality of the basis {xi,...,Xp,Zi,...,Zq] we have 

v(zO = min{v(l), v(Ai). • • • , v(Ap)} < v(l) = 0. 

Thus we have found a e Im[d |q) such that v(a) > /x(fc) and such that any z' e Q+j with 5z' = a 
has v(z) < 0. This proves that b^iC,d) > /x(fc). D 

5. Hamiltonian Floer theory 

Let (M, w) be a closed symplectic manifold and let H : S^ x M — » R be a smooth functionjj One 
then obtains the time-dependent Hamiltonian vector field X^ by the prescription that a)(X^(t, ■), = 
—d{H[t-)), and the Hamiltonian flow {<^|j}teE as the flow of Xj^. 

Assume for the time being that H is nondegenerate in the sense that at each fixed point p of (j)jj 
the linearization dpCpj^: TpM -^ TpM does not have 1 as an eigenvalue. Let J^M denote the free 
loopspace of M (for definiteness we require elements of ifM to be C^). For each path component 
c of i?M, choose a smooth loop y^ representing c, and choose a symplectic trivialization t^ of the 
bundle y*TM -^ S^. (For the special case in which c is the component of contractible loops we 
will take jt equal to a constant. Hereinafter the component of contractible loops will be denoted 
by Cq.). Now a loop in ^M corresponds in obvious fashion to a map u: T^ ^ M of the torus 
into M; consequently each c e n;o(if M) gives rise via consideration of loops in c to a subgroup 
H^ < H2(M; Z), all of whose elements may be represented by maps of 2-tori into M (when c = Cq 
is the trivial class elements of H^ can indeed be represented by spheres, but this is typically not so 
for nontrivial classes). 

For any c e tiqC^M) consider pairs (7,w) where 7 e c and w: [0, 1] x S^ ^ M is a map such 
that w(0, •) = 7 J and w(l,-) = j. Declare two such pairs (7,w), (7',w') equivalent if and only if 
each of the following holds: 

(i) Y — j' J and 



Throughout this paper we will identify S^ with M/Z. Of course, any element <^ e Ham{M, co) can be generated by a 
smooth Hamiltonian whose domain is S^ xM rather than [0, 1] xM, by replacing a generating Hamiltonian H : [0, 1] xM ^ 
K by ;f '(t)J-f(;f (t), m) for a suitable monotone homeomorphism x ■ [0, 1] -^ [0, 1] with x'(0) = x'W = 0. 
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Let"? denote the set of equivalence classes of pairs (7,w) under the above equivalence relation 
and 

We then have a well-defined map 

JtP- Jo 

The critical points of j^f^ are those [y,w] for which jM = ^hC^'TCO), i-^- such that 7(t) = 

For any c g TioCif M) let JV^ denote the nonnegative generator of the subgroup of Z generated 
by integers of the form 2{ci(TM),A) where A&H^. 
For c e 7io(if M) define 

so [7, w] G Critij^ffj) n c if and only if 7 e ^^^^ 
We then have well-defined map 

r ^n- ixcz {it ^ deploy. T^(^a)M - T^^^.^m) 

where we choose an arbitrary homotopy w from j^ to 7, extend the previously-chosen trivialization 
Tj. of 7*rM to a symplectic trivialization of w*TM and hence of 7*TM, and use this trivialization to 
compute the Conley-Zehnder index as in ||RS93[ Remark 5.4] of t '-^ ^0^- '^^° different choices 
of the homotopy w from y^ to 7 will have associated Conley-Zehnder indices which differ by a 
multiple of Afj, so this prescription jdelds a well-defined element of Z/N^Z. 
Let 

Sm= U ^'^ ^ ^/-^^^' 

c€jro(-S?M) 

and endow Sj^ with the obvious Z-action in which m e Z sends (c, k) e S;^^ to (c, k + m). 
For A e ffi, c e 7ro(if M) and k e Z/JV,Z denote 

Critl^iJ^f^J) = {[r,w]\r e ^,,h> ■^H([r,w']) < A, /x(r) = fc}. 

For A e K, (c, k) e Sj^f and K a field (with K of characteristic zero if (M, co) is not semipositive) 
let 






Hr.«] 



■K, (VC e IR)(#{[r,w]|a[,,„] # 0, J^Hi[r^,wA') > C} < 00) 



and let 

CF,^kiH;K) = U^^^CF^_^iH;K) and CF,{H;K) = ®^CF,^^{H;Kl 

The standard construction ( ||F099IL[lHS95]] , [lI]r98]] ) of the Floer boundary operator dj^ (where 
we use J as a shorthand for the auxiliary data involved in the construction, including a loop 
of almost complex structures and any necessary virtual cycle machinery) makes {CF{H;K^ = 
®CF ^^.{H;K'),dj ii) into a S^-graded, K-filtered complex over K in the sense of Definition 13.11 
Restricting attention to CF^{H;K^ for any given c g 7io(ifM) in turn yields a Z/JVj.Z-graded, ffi- 
filtered complex over K. 
If we let 

r, = {g e IR|(3A e H^X([w],A) = g)}, 
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each CF^j^{H;K) is a vector space over the Novikov field A**-'^' of dimension equal to the number 
of y e 6^n such that //(y) = k. Here the element T^ in A^'^' acts by [y.w] '-^ [y,w#A^'] where 
Ag e H^ has ([(D],i4) = g and # denotes the obvious gluing operation. For any given A e K, 
CF^JJi;K) is a module over the positive part A>q ' of the Novikov field. 

The complex CF^{H;K^ is thus a vector space over the Novikov field A*^'^' of dimension equal 
to the number of elements of 0^^. Our choice of conventions here (in particular the fact that 
we have not used the first Chern class in the definition of the equivalence relation that is used to 
construct ^M) is motivated in part by the fact that it results in the complexes CF^ each being 
finite-dimensional over a field, as this facilitates application of some of the algebraic results proven 
in Sections [7] and [HI 

Let us rephrase some standard results about the relationships between the Floer complexes 
associated to different Hamiltonians and different choices of auxiliary data into the language of 
Section |3j First, for any continuous G: S^ y.M ^M. denote 

<S'+(G)= maxG(t,Odt S~{G) = -\ mmG{t,-)dt 

\ M \ M 

Jo Jo 

SO that, in the notation of the introduciton, 

osciG) = S+iG) + S-iG). 

Then standard facts (as summarized for example in HUllal Propositions 2.1 and 2.2] after adjusting 
for a different sign for the Hamiltonian vector field) show: 

Proposition 5.1. Let{H_,J_) and {H^,J^) he two choices of Hamiltonian function together with aux- 
iliary data for which the Floer complex iCFiH;K) = eQ^(H; K), Sjh) as constructed in ||HS95|| , ||LT98|| 
or [1F099] is well-defined. Then there exist: 

. anS+iH+-H_)-morphism^: (CF(H_;n5^_,Hj ^ (CF(H+;K),5^^_hJ 
. anS-iH+-H_ymorphism^: {CF{H+;K),dj^^„;)^ {CF{H_;K),dj^H) 
• osc{H^ - H_yhomotopies jr±: CFiHj^;K) -^ CFiH±;K) from $ o * and * o $ to the 
respective identities. 

In particular the Floer complexes {CF(^H_;K),dj fj ) and {CF{H^;K),dj ^ ) are osc(^H^ — H_)- 

quasiequivalent 

We also have: 

Proposition 5.2. llUllal. Lemma 3.8] Let H_ and H+ be two nondegenerate Hamiltonians which are 
both normalized (i.e., J H^[t, -Jw" = 0/or all t) with the property that the paths {</)^ }te[o i] "^""^ 
{4'h ^t€[o 1] '""^ homotopic rel endpoints. Then, for any auxiliary data J^ making the Floer complexes 
well-defined, there is a chain map $: {CF{H_;K), 3, _h ) —^ (.CF{H^;K),dj ^ ) such that, for each 
?i,c,k, * maps CF^^{H_;K) isomorphically to CF^^iH+;Kl 



(Strictly speaking, the discussion in [Ulla] only considered the part of the Floer complex coming 
from contractible loops; however the proof clearly extends to the noncontractible sectors, provided 
of course that we use the same basepoints y^ in each component c e ttqC^M).) 

It obviously follows from Proposition 15 .21 that, under its hypotheses, the boundary depths asso- 
ciated to the Floer complexes of {H_,J_) and (H.,., J+) will coincide. Thus the boundary depth (or 
rather depths, if we take grading into account) can be seen as an invariant of an element in the uni- 
versal cover Ham{M, co) of the Hamiltonian diffeomorphism group, a fact which was exploited in 
the applications in LUll a] . Crucial for our purposes in this paper is the stronger statement that the 
boundary depth is actually an invariant of a given element of Ham{M, cu), at least if one ignores 
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grading. Indeed we have the following, which follows from observations that go back to ||Se97l 
(4.3)]. 

Proposition 5.3. Consider the Floer complexes [CF {H_, J _),djfj\ [CF[H^, J _f_),dj ^ ) associated 
to two normalized Hamiltonians H_ and H+ with the property that the time-one maps <p^ and 
(f)^ are equal. Then there is a shift-isomorphism $: {CF{H_;K),dj fj ) —> {CF{H^;K),dj ^ ). 
Moreover, for any component c e 7To(ifM), $ restricts as a shift-isomorphism from CFciH_;K) to 
CF,iH+;K). 

Proof Changing notation slightly to make the proof more readable, we are to show that ii {\pf\t & 
[0, 1] } is a loop in Ham{M, co), and ifH: S^xM^M is a nondegenerate normalized Hamiltonian 
generating the path {(f)^\t &[0,1]} then the Floer complexes associated to H and to the normalized 
Hamiltonian H^' which generates the path {i/'t ° ^J are shift-isomorphic. We remark that, by the 
case of Proposition 15 .21 in which H_ = H^, up to isomorphism of S^^-graded, R-filtered complexes 
it makes sense to speak of "the Floer complex associated to a nondegenerate Hamiltonian," as 
different choices of the auxiliary data involved in the construction of the Floer complex will give 
rise to isomorphic complexes. In particular, in studying the Floer complex of H^' we are free to 
choose any loop of almost complex structures that we like. 

Let G: S^ x M ^ K denote the normahzed Hamiltonian generating the loop t -^ '^i^- Then 
the original loop xp is generated by G{t,m) = — G(t,i/)~^(m)), and the Hamiltonian H^' which 
generates ip^ocf)^ is given by the formula 

H^Xt,m) = [H-GXt,i,;\m)). 

The assignment to any loop 7 e M the loop xlty- t -^ i/'tCrCO) gives a map 1/1^: tiq[S^M) -^ 
n;o(i?M). We claim that this map is the identity. Indeed, it is a standard consequence of the 
proof of the Arnold conjecture (see ||MSa041 Corollary 9.1.2]) that where Cq is the component of 
contractible loops we have i/'*(co) = Cq (for otherwise the Hamiltonian flow of G would have no 
contractible 1 -periodic orbits). Once one knows this, if 7: S^ ^ M is any loop then the loop xpy is 
easily seen to be homotopic to 

7(2f) 0<t<l/2, 

V'2t-i(r(0)) l/2<t<l. 



But the loop t -^ ''/'2t-i(r(0)) is now known to be contractiblqj, and so ipj is homotopic to 

r(2t) 0<t<l/2, 
r(o) 1/2 < t < 1, 

which is obviously homotopic to 7. 

Recall that in each component c of if M we have fixed a basepoint jc- By the previous paragraph 
Y^ is freely homotopic to ipy^, so fix a homotopy w^ : [0, 1] x S^ ^ M from y^ to xpj^. Where "c 
is the covering of c introduced earlier, this choice of w^ induces a map i/i^ : 7 — » "c which sends 
an equivalence class [y,w] to [xl)Y,w^#ipw] where [ipwXs,t) = ipf{w[s,t)) and # denotes the 



at least, freely contractible, but of course any freely contractible loop is also contractible with basepoint fixed 
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obvious concatenation operation. We calculate: 

'" ^ dw dw 



[o,i]xsi Jo Jo V ds dt 

J[0,l]xSi Jo 



aw 



[0,1] xS' 

[o,i]xsi Jo Jo V "^^ y Jo 

w>+ (G(t,w(l,t))-G(t,w(0,t)))dt- G(t,r(0)dt 

'[0,l]xSi Jo Jo 

'[0,l]xSi Jo 

(Recall that our notation is that G generates i/)"^, and that G{t,ip^{m)) = —G{t,m)). 

Meanwhile we have also fixed a trivialization t^ of y*TM; via the linearizations i/it,^ we obtain 
from this trivialization a trivialization of (i/jy J*rM. Comparing this trivialization to the trivializa- 
tion of {xpY^yTM obtained by extending t^ across the homotopy w^ we obtain a relative Maslov 
index fi^, and it is easy to see that, in Z/JV^Z, 

independently of the choice of 7 e 0^[j. 

Now the map xp^,: "c ^ 7 clearly takes critical points [y,w] of j^^fj (i.e., those [y,w] with 7 a 
1 -periodic orbit oi (fyj bijectively to critical points of j^^fj^. (i.e., those [y,w] with 7 a 1 -periodic 
orbit of ipi- o 0f). So by extending linearly in the obvious way and setting I^ = J^cd'^Tc'^c]) we 
obtain from the calculations above an isomorphism 

1/.,: CF^j^iHiK) ^ CF^^ll^^(H^;K). 

The conclusion that i/)» is a shift-isomorphism will follow immediately once we conclude that ip^, 
is a chain map on the Floer complexes, provided that these are constructed appropriately. But 
this was already observed by Seidel in ||Se97ll . Indeed, if we use the loop j^ of almost complex 
structures to construct the Floer complex of H, so that the matrix elements for the differential are 
obtained by counting solutions iz: M x S^ ^ M to 

du fdu \ 

(10) — +A(u(s,t))( — -XH(t,u(5,t))J =0, 

then one observes that where (xpu^s, t) = ipf[u(^s, t)) and jf = ''Pt*Jt'4^i*> ( fTOI) is equivalent to 

d(ipu) ^fd(xpu) \ 

Using this correspondence it is straightforward to see that if we use the loop jf of almost complex 
structures (together with appropriately compatible coherent orientations and abstract perturba- 
tions, as necessary) to define the differential on the Floer complex CF(H'^';K), then the matrix ele- 
ments for the latter will coincide with the matrix elements of the original differential on CF(H;K). 
Thus '^p.^, induces an isomorphism of chain complexes, which by our earlier observations is a shift- 
isomorphism in the sense of Definition |3.4l D 
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Corollary 5.4. For each c e tzq^^M) and any nondegenerate (p ^ Ham^M, co), the boundary depth 
of the Floer complex CF^{H; K) is independent of the choice of Hamiltonian H: S^ x M —> R such that 
4>Ij = 4> O-fT-d of the auxiliary data used in the construction of the Floer boundary operator 

Proof If we restrict to normalized Hamiltonians H this follows directly from Propositions 15.31 and 
13.61 Extending to non-normalized H is then trivial, since any Hamiltonian may changed to a 
normalized Hamiltonian function by adding a function of the S^ -variable, and this normalization 
only affects filtered Floer complex by a uniform shift in the filtration, which does not change the 
boundary depth. D 

Accordingly, for any nondegenerate cf) e Ham{M, co) we may set 

l3,[(l);K)=b(CF,iH;K),dj^H] 

for any (and hence all) H such that 0^ = (/). Now for any cf) = (pjj & Ham[M, co), not necessarily 
nondegenerate, if we choose any sequence of nondegenerate Hamiltonians H„ such that H„ -^ H 
in C", then the sequence {/3j(H„;i<C)}J^j will be a Cauchy sequence by Propositions 13.81 and 15.11 
Thus we may define p^[H;K) = lim„^(X) Pc(^4>h '^^ ^^^ ^^y ^^^^ approximating sequence H„. 

We have thus defined, for any c e ttq^^M) and any field K (with characteristic zero if (M, co) is 
not semipositive), a map 

PS-,K): Ham{M,co)^ [0,oo]. 
Taking the supremum over all c results in a map 

P{-,K)= sup /3,(-; JC) : Ham(M,w)^ [0,oo]. 

(In fact, as we will see, these maps never take the value oo.) 

5.1. Properties of the Hamiltonian boundary depth. Having defined the boundary depth func- 
tion, we can now prove most of the main structural results of the introduction. 

Proof of Theorem \L4\ (i) {p^xjJ'^cjjipiK) = /3(0;K)/or ip e Symp(M,(D)). By continuity it suffices to 
prove this for (and hence ip~^(j)ip) nondegenerate. Now if 4> = (j)jj, then ip~^(j)ip is the time-one 
map of the Hamiltonian H^{t, m) = H(f, 'i/'(m)), and a standard argument (similar to but simpler 
than that in the proof of Proposition 15.31 ) shows that if the auxiliary data are chosen appropriately 
then for each c e tzq{^M), CF^{H;K) is shift-isomorphic to CF^-i^[H^;K). Thus the result follows 
from Proposition l3.6l D 

Proof of Theorem \L4\ (ii) (/3(0;K) = /3(0~^;K)). By an approximation argument it suffices to con- 
sider the case that </> is nondegenerate. Choose H: S^ x M —> R so that cpj^ = (j); then (f)~^ 
is generated by the Hamiltonian Hit,m') = -Hit,cp^^im)'). If c e tiqC^M) let c e tiqC^M) be 
the free homotopy class obtained by reversing the orientations of elements of c. Then CF^{H;K) 
is (with appropriate choices of auxiliary data) the "opposite complex" of CF^{H;K) in the sense 
described in [UlOb] (i.e., the Floer trajectories determining the differential of the former are ob- 
tained by reversing the s-direction of those determining the differential of the latter) . Consequently 
[lUlObl Corollary 1.4] shows that l3-^[(j)~^;K) = p^{(p;K), from which the result follows by taking 
suprema. D 

Proof of Theorem [7~?1 (Hi) (|^(<^;K) — ^(')/);K)| < ||(^~^i/'||). This is almost implicit in the construc- 
tion of /3 for degenerate elements of Ham(M, co). By an approximation argument it again suffices 
to assume that </> and ip are nondegenerate. Now if G,H: S^ x M ^ R have the properties that 
(j)jj = (f) and (p^ = 4>~^ip, then xp will be the time-one map of the Hamiltonian H*G: S^xM^R 
given by 

H * Git, m) = Hit, m) + Git, (0^)- '(m))- 
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Thus by Propositions IXSl and [STTl 



/•I 
\l3(4>;K)-8(ib;K)\ < osc{H*G-H) = (maxGitX<PlrT'^im)) - minG(t,(<i5,)-i(m))l = osciG). 

I ymeM " m€M " J 

So since G may be chosen in such a way that osc{G^ is arbitrarily close to ||(^~^'i/)||, the result 
follows. D 

Vroof of Theorem [7741 (iv') {l3[lf^;K) = 0). If the nondegenerate Hamiltonian H is sufficiently en- 
close to the identity, then its flow will have no noncontractible 1 -periodic orbits and so we will 
have p^[H;K) = for all c e 7io(ifM) other than the trivial class Cq. Taking the limit as H ^ in 
C^-norm then proves that /3J(lJ^^;K) = for c 7^ Cq- 

To deal with the case where c = Cq, for any nondegenerate H we can use the PSS map ( [|PSS96|] . 
see also ||Lu04ll . IIOZllll ') to set up a osc(H)-quasiequivalence between CPc^[H;K) and the Morse 
complex CM^,[f;K) ®^ A^'^'o, where the latter has grading reduced modulo JV,. and is equipped 
with the trivial filtration given by setting the filtration level of an element 2,Li ^iPt where A, e 
A^'^'o and p; g Crit{f) equal to max(— v(A;)). The boundary depth of the Morse complex is easily 
seen to be zero (indeed this is a baby case of Proposition [4J3] where d = 5o O 1), and so it follows 
from Proposition 13.81 that p^ {(j)^;K) < osc[H). Taking the limit of this relation as H ^ in C^ 
implies that (3^ [l^;K) = 0, completing the proof. 

(Alternately, one can directly examine the Floer complex of a C^ -small Morse function to deduce 
this result; such a method is effectively used in flOhOgP .) D 

Start of the proof of Theorem \l .4\ (v) (^(<^ x i/jjK) > max{^(</);K),/3(i/);K)}). Again by continuity 
we can assume that (f): M ^ M and 1/1 : JV ^ JV are nondegenerate; choose Hamiltonians G: S^ x 
M ^ R and H : S^ X JV ^ K so that (f) = (pl and if) = (pjj. Then cp xip: MxN^MxN is 
the time-one map of the Hamiltonian tt^G -I- n'^H where tzhj, tij^ are the projections of M x iV 
to its factors. An easy and standard argument shows that, with suitable auxiliary data and after 
extending coefficients so that all Floer complexes involved are defined over the same Novikov ring, 
the Floer complex of ti^G -I- ti^^H is isomorphic, as a filtered complex, to the tensor product of 
the Floer complexes CF[G;K) and CF[H;K), where the filtration on the tensor product is defined 
using the prescription in Section [Sl This reduces Theorem 11. 41 (v) to an algebraic statement about 
the behavior of the boundary depth with respect to tensor products. We prove this statement below 
as Theorem [83] (Of course, the homologies of CF[G;K) and CF[H;K) are both nontrivial, being 
isomorphic to the homologies of M and JV, so part (b) of Theorem lB.SI applies. Also, the extension 
of coefficients does not affect the boundary depth by Remark [73] ") D 

Modulo Theorem [83] this completes the proof of Theorem [L4] 

Start of the proof of Theorem \1.6\ Like Theorem 11.41 (v), Theorem 11.61 will follow from an essen- 
tially purely algebraic result about the boundary depth that we will prove below; in this case the 
relevant result is Proposition 17.41 Namely, applying Proposition 17.41 with A equal to the Floer 
boundary operator on CFXH;K) shows that ^j((/)^;iC) either is zero (when the Floer boundary 
operator is zero — in particular this holds if there are no periodic orbits in the free homotopy 
class c) or is a member of the set {s — t|s, t e 5^'}- Now we have assumed H to be nondegen- 
erate, so (f)^ has only finitely many fixed points and so only finitely many homotopy classes c 
are represented by 1-periodic orbits. Thus there are only finitely many c for which ^j(0^;i<") is 
nonzero. So ^(</)^;K) = sup^p^[(l)lj;K) is the supremum over a finite set of numbers from the set 
{0} u U Js - t\s, t G 5^'} and therefore belongs to this set. 

For the final statement of Theorem ll.6[ recall that the Floer boundary operator for a nondegen- 
erate Hamiltonian strictly decreases the filtration level: in the notation of Proposition [73] we have 
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^(.3j,Hy) < ^(j) for any nonzero y. Thus by Proposition 17.41 the only way for the boundary depth 
to be zero is if the Floer boundary operator is identically zero. Now the homology of the complex 
CF^<iH;K) is zero when c is any class other than the trivial one, so this forces there to be no non- 
contractible 1 -periodic orbits of c^^j. As for the class Cq of contractible periodic orbits, the Floer 
homology is isomorphic to H^(M; a'^'^'o) with grading reduced modulo JV^ , which has the same 
dimension as H^[M;K) since A^'^'o is a field extension of K. But if the boundary operator is iden- 
tically zero then the Floer homology would be isomorphic to a vector space spanned by the fixed 
points of (f) . Comparing the sums of the dimensions of the homologies then proves that the number 
of fixed points of </> is indeed equal to the sum of the K-Betti numbers of M when ^((/) ; iif ) = 0. D 

Remark 5.5. Of course, we have shown in the course of the above proofs that, for each c e tzq^^M), 
the numbers /3j(4>;K) individually obey various similar properties to their supremum /3(0;IC). In 
particular: 

. \l3Sct>;K)-pX^;K)\<\\ct>-'xP\\; 

• If = 0^ is nondegenerate (or, more generally, if for all p e Fix[(j)jj) such that t ^^ 4>h(-P) 
represents the specific class c, the linearization dp^^ : TpM —> TpM does not have one as 
an eigenvalue), then 

5.2. Hamiltonians with large boundary depth. We now begin the process of obtaining the em- 
bedding promised in Theorem ll.il 

Suppose that, as in Theorem ll.il a closed 2n-dimensional symplectic manifold (M,a)) admits 
a nonconstant autonomous Hamiltonian H: M —> R such that the Hamiltonian vector field X^ 
defined by co[-,X[j) = dH has no nonconstant contractible closed orbits. By Sard's theorem and 
the compactness of M (and hence of the set of critical values of H), there exists a nontrivial closed 
interval [a, b] contained in the image of H which consists entirely of regular values of H. Since 
adding a constant to H or rescaling H does not affect the existence of closed orbits, we can and 
hereinafter do assume that [a, b] = [0, 1]. 

Denote by C^°°(0, 1) the space of smooth functions / : (0, 1) ^ IR whose support is compact. For 
/ e C~(0, 1) define 

minmax/ = inf{/(s)|s is a local maximum of/}. 
Since we assume / to be compactly supported we obviously have minmax/ < 0. (Our convention 
is that a "local maximum" need not be strict; in particular, for example, for a constant function 
every point is a local maximum.) For / e C^°°((0, 1)) the function f oH is a priori defined only on 
H~^((0, 1)), but it extends smoothly by zero to all of M, and we continue to denote by / o H this 
smooth extension. 

Here is our key computation of the boundary depth in the Hamiltonian context: 

Theorem 5.6. Under the above hypotheses, with respect to any coejficient field K of characteristic zero 
we have 

P[(j)l^;K) > minmax/ — min/. 

Proof The theorem is trivial if minmax/ = min/, so assume minmax/ > min/. We will make use 
of the following lemma: 

Lemma 5.7. Let y be a regular value off such that minmax/ > y > min/. Then in the composition 

(11) H2„_i({/ oH = mmf};K) - H^n-iiif ° H < jl;^) ^ H2„_i(M;K), 

the first map is injective but the full composition H2n-ii{f °H = mmf};K) —* H2n-iiM;K) has 
nontrivial kernel. 
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Proof. {/ < y } is a compact submanifold with boundary of the interval (0, 1), so we have 

{/<y} = u-i[a„b,] 

for some numbers Gj < bj < Gj < ••■ < a„ < b^. Now since (0,1) consists entirely of regular 
values of H, for any i and any q e [a,, bj the preimage H~^ [a,, bj deformation retracts via the 
gradient flow of H to H~^{cJ. 

Now the assumption that y < minmax/ implies that / has no local maxima on [a,, bj, so there 
cannot be two distinct points Ci,di e [a,-,bi] such that /(c,) = /(d,) = min/ (otherwise there 
would be a local maximum between them). Let /c{l,...,m}be the set of those i such that there 
exists some C; g [a^, b,] such that/(c;) = min/. 

Now we have, as topological spaces, 

m 

{/°H<y} = ]jH-i[a„b,], 

1=1 

while 

{/oH = min/} = ]jH-i{c,}, 

i€l 

where H~^[ai,b^] deformation retracts to H~^{c^] for all i e /. So since {(/ oH)~^{min/}} is a 
disjoint union of deformation retracts of a subset of the connected components of {/ o H < y }, the 
fact that the first map in (fTTI) is injective follows immediately. 

Finally, for any i e /, consider H~^{Cj}. This is a regular level set of H, so it is a closed (2n — 1)- 
dimensional manifold which acquires an orientation from the orientation of M together with the 
coorientation given by dH. Thus H2n-iiH~^{c^};K) is nontrivial and has a distinguished funda- 
mental class Q (the sum of the fundamental classes of the oriented components), which appears 
as a nonzero element of H2„_i({/ oH = mmf};K) = ®,gjH2„_i(H~^{c,};iif). But since 

H-i{c,} = 5({H<cJ), 

H~^{ci} bounds in M, and so the fundamental class Q vanishes upon inclusion into M. This proves 
that the full composition (fTTI) has nontrivial kernel. D 

Corollary 5.8. With y as in Lemma^j\ let 5 > be such that min/ +35 < y. If G: M ^ K is a 
Morse function with \\G — f o H\\co < 5 then we have a strict containment 

ker (H2„_i({G < min/ + 5};K) - H2„_i({G < j - 5};K)) < ker (H2„_i({G < min/ + 5};K) - H^n-iiMlK)) . 

Consequently 

§Morse{G;K)>y-mmf-25. 

Proof The assumption on 5 and the fact that ||G— /oH||co < 5 imply that we have inclusions 

{/ oH = min/} c {G < min/ + 5} c {G < y - 5} c {/ oH < y}. 

If c e H2n_i({/ o H = min f};K) is a nontrivial element of ker(H2n_i({/ o H = min/};IC) —* 
H2„_i(M;IC)), then jc G ker (H2„_i({G < min/ + 5};K) - H2„_i(M;K)) where ; : H2„_i({/oH = 
min/};i<r) ^ W2n_i({G < min/ + 5};i<r) is the inclusion-induced map. On the other hand the 
commutativity of the diagram 

H2„-i({/ °H = min f];K) ^ H2„_i({/ oH < y};K) 

H2„-i({G < min/ + 5};iiC) ^ H2„_i({G <y- 5};K) 
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and the fact that the top Hne is injective show that 

jc i ker (H2„_i({G < min/ + 5};K) - H2„_i({G < y - 5};K)) . 

This proves the strict containment. 

Now choose a metric with respect to which the gradient flow of G is Morse-Smale and form 
the Morse complex CM[G;K) of G. As in Section [2] for any A e M we have a A-filtered complex 
CM'^{G;K), the homology of which is isomorphic to H^{{G < ?^};K); moreover under these iso- 
morphisms the chain complex inclusions CM^[G;K) -^ CM'^[G;K) for A < /x induce the inclusion- 
induced maps on singular homology. Letting jc Gker(H2„_i({G < min/ + 5];K) -^ H2n-i(.M;K)) 
be as described above, we can then find a cycle x e CM'^^'^^^^{G;K) < CM[G;K) which represents 
the class jc e H2„_i({G < min/ -I- 5};K). Since jc vanishes under inclusion into H2n_i(M; JC) the 
cycle X must be a boundary in CM[G;K). But since 

jc i ker (H2„_i({G < min/ + 5};K) - H2„_i({G < y - 5};K)) , 

any y e CM{G;K) with the property that dy = x must have £(y) > y — 5. Thus we have found a 
nonzero element x e Imd such that 

inf{£(y) - i{x)\dy =x}>y- min/ - 25, 

and so ^jy,o„e(G;^) > y — min/ — 25. D 



With this preparation, we can now complete the proof of Theorem 15.61 using an approach in- 
spired by the proof of HOhOS l Theorem 5.1] . 

Since the autonomous Hamiltonian / o H : M ^ R has no nonconstant contractible periodic 
orbits, llUlOal Theorem 4.5] shows that for any 5 > there is a smooth function G : M ^ R such 
that 

(i) ||G-/oH||co<5. 

(ii) G is a Morse function. 

(iii) All contractible periodic orbits of Xg with period at most 1 are constant. 

(iv) At each critical point p of G, the Hessian of G has operator norm less than n. Here we 
measure the norm of the Hessian of G using the Riemannian metric induced by an almost 
complex structure which coincides with the standard complex structure on a Darboux chart 
around p. 

By a further perturbation of G, we claim that we may assume that (i)-(iv) still hold and 
(v) Around each critical point p of G there is a Darboux chart i/j^ : U^ ^ B^"(e) such that 
ippip) = and the second-order Taylor approximation around of G o i/)~^ is exact, where 
B^"(e) denotes the standard symplectic 2n-dimensional ball of some radius e > 0. 

Indeed, for any critical point p,let xp: U —> B^"[r) be a Darboux chart sending p to 0, let 3^ 
denote the Hessian o{Go\p~^ at 0, and choose a compactly supported smooth function a : B^"(2) —> 
[0, 1] such that q:|b2,.(i-, = 1. For any small e > define a perturbation G^ of G by setting G^ = G 
outside '!/>"HB^"(2e)) and requiring that, on B^"(2e), we have 

(G, o i/.-i)(x) = aie-^x) ({G o ^p-^XO) + \ {^x, x)\ + (1 - a(e-ix)XG o ^-^\x\ 

In particular the second-order Taylor approximation around of G^oxj)'^ is exact on B^"(e), so we 
now check that, for e > sufficiently small, G^ still obeys (i)-(iv) . Now it is easy to check that there 
is a constant C > such that, for fc = 0, 1, 2, we have 

(12) \\G,-G\U<Ce^-K 
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The fc = version of this estimate obviously impHes that (i) will hold for G^ when e is small enough. 
Gg clearly has no critical points other than p (which is nondegenerate) in i/)~^(B^"(e)), and the fact 
that (by the invertibility of the Hessian J^) || VG|| is bounded below in i/)"i(B^"(2e) \ B^"(e)) by a 
constant multiple of e together with the fc = 1 version of ( [12]) implies that G^ has no critical points 
in 'i/'"HB^"(2e) \ B^"(e)) if e is small enough. So since G, coincides with G outside 'i/'"HB^"(2e)), 
for e small enough replacing G by G^ will not introduce any new critical points, while keeping the 
existing ones nondegenerate, so G^ obeys (ii) for small enough e. Replacing G by G^ also does not 
affect the Hessians at the critical points, so (iv) is still satisfied. As for (iii), there is a constant R > 
such that any time-1 trajectory of X^ passing through ■i/)~^(B^"(2e)) is contained in 'i/)~^(B^"(ile)) 
for e sufficiently small. Since || VXg || is (using the fc = 2 version of (fT2]) l uniformly bounded by n 
plus a constant multiple of e in this region, the Yorke estimate IIY69II implies that there can be no 
nonconstant closed trajectories of Xg having period at most one which pass through xp~^[B^"{2e)) 
when e is sufficiently small. Since the trajectories of Xg which do not pass through 'i/j~^(B^"(2e)) 
coincide with trajectories of Xg, it follows that condition (iii) is also preserved when we replace G 
by G^ for sufficiently small e. 

Repeating this process at each of the finitely many critical points of G gives a smooth function 
(still denoted G) which now obeys each of the properties (i)-(v). Shrinking the Darboux neigh- 
borhoods Up if necessary, we may assume that the intersections Up n U^ are empty for distinct 
p,q G Crit[G). Then for w -compatible almost complex structures J which are generic among 
those which coincide with the standard almost complex structure on each Up, the gradient flow of 
G with respect to the associated metric gj will be Morse-Smale (see, e.g., [1SZ92[ Theorem 8.1], 
noting that any gradient trajectory must pass through the open set M \ ^pe^critic^^p' ^^d so the 
argument given in the proof of ||SZ92| Theorem 8.1] shows that perturbations of J supported in 
this open set are sufficient to achieve the Morse-Smale condition). Given such an almost complex 
structure J, we may form the Morse complex CM{G;K). For any A e (0, 1], the negative gradi- 
ent flow of AG with respect to gj will of course also be Morse-Smale (as the unstable and stable 
manifolds are independent of A), and so we have a Morse complex CM(AG;J<^). 

The Morse-Smale condition ensures that there are no nonconstant negative gradient-flow tra- 
jectories j: R ^ M for G with 7(5) ^ p± as s ^ ±00 with ind<ip^) — indfip_) < 1 where ind{p) 
denotes the Morse index of the critical point p, and, modulo time translation, there are finitely 
many such trajectories j with ind{p+) — ind[p_) = 1; let 0q denote the set of such trajectories. For 
A G (0, 1] the only negative gradient flow trajectories for AG which connect critical points whose 
Morse indices differ by at most one will be those given by the formula j'^is) = 7(As) where 7 e ^g. 
Considering instead the construction of the Floer complex associated to the t-independent almost 
complex structure J and the Hamiltonian AG, the nonconstant t-independent solutions to the Floer 
equation y" +J (j^ ~^agJ = which connect contractible periodic orbits with Conley-Zehnder 
indices differing by at most 1 are precisely those maps of the form u.^)Xs, t) = Y^{.s) where y e ^g 
(the fact that the Conley-Zehnder and Morse indices correspond is a consequence of assumption 
(iv) on the Hessian of G at its critical points). In Theorem IA.3I in the Appendix we show that, 
given Y ^ ^c the linearization of the Floer equation is surjective at u^a for all but finitely many 
A e (0, 1] . Of course, this property of u^a is unaffected by translations of the domain R x S^ of u in 
the s-variable, so since there are only finitely many time-translation-equivalence classes of trajec- 
tories 7 G ^e it follows that, for all but finitely many values of A e (0, 1], the linearization of the 
Floer equation associated to J and AG is surjective at every t-independent solution having index 
one. Let S denote the finite set of values A for which this surjectivity property fails. 

We consider the boundary depths p^ [(f)j^^;K) as A varies through the interval (0, 1]. The argu- 
ment given in fiFOPPl Section 22] proves that, by introducing S^-equivariant abstract perturbations 
which are supported away from the fixed locus of the S^ action given by t -translation, for each 
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A e (0, 1] \ <f the Floer complex of AG in the contractible sector Cq may be constructed in such a 
way that the only contributions to its boundary operator come from the t -independent Floer tra- 
jectories li^A. (The idea of the argument is that when J and H are independent of t, solutions 
to the Floer equation which depend on both 5 and t occur in two-dimensional families due to 
reparametrizations of R x S^, and so will not appear in transversely-cut-out moduU spaces of ex- 
pected dimension one.) In [F099] it is assumed that the Hamiltonian is a C^-small Morse function, 
but for the purposes of the conclusion that only t-independent trajectories contribute to the bound- 
ary operator there are only three respects in which this assumption is used there (see IIF0991 pp. 
1035, 1038]): it ensures that our condition (iii) holds; it ensures that the Conley-Zehnder index 
at each constant orbit of the Hamiltonian vector field coincides up to an additive constant with its 
Morse index, which in our case follows from condition (iv); and it guarantees the surjectivity of the 
linearizations of the Floer equation at the index-one t-independent solutions, which we have just 
arranged to hold in our case as well for A e (0, 1] \ S. 

Since J 1 u*; o) = 0, the Floer trajectories u^a for AG all connect pairs of elements of Crit(j<4g) 
the difference of whose actions belongs to the set {AG(p) — AG(q)|p,q e Crit{G)}. If A e (0, 1] \S, 
so that the u^x are the only trajectories which contribute to the boundary operator for the Floer 
chain complex CF^ {XG;J) under appropriate perturbations as in the previous paragraph, there is 
then a chain complex D^ over K, spanned by the critical points of AG, such that Cf ^^(AG; J) = 
D^ ® A^'^'o (with the Floer boundary operator just given by coefficient extension from the bound- 
ary operator for D^; the matrix elements for the boundary operator for D^ are, like those of the 
Morse boundary operator, obtained by counting trajectories u^a connecting two critical points, but 
the signs with which these contribute to the boundary operator for D^, might in principle differ 
from the corresponding signs in the Morse complex). It therefore follows from Remark [73] that 
for A e (0, 1] \ S, the boundary depth p^ {(j)p^Q;K) coincides with the boundary depth of the chain 
complex D^ over K, which by Proposition |7.4| belongs to the set {AG(p) — AG(q)|p,q e Crif(G)}. 
Thus 

-/3,„(0ig;K) e {Gip) - G(q)|p,q e CritiG)} 

for all A G (0, 1] \S, and hence by continuity for all A e (0, 1] since both the set S and the set 
{G[p) - G(q)|p,q e CritiG)} are finite. 

Now for < A < 1, the Hamiltonian AG will be C^-small enough that, by IIF099I Section 22], 
the Floer complex of AG coincides with its Morse complex CM(AG;K) (g A^'^'oQ As follows from 
Remark [TTSl the boundary depth of the Morse complex CM{G;K) is unaffected by the coefficient 
extension to the Novikov ring. Thus for all sufficiently small A e (0,1] we have (3^ {(j)}^^;K) = 
&orse(CM(AG;K)). But then the functions 

^-^jP,„icplc;K) and A--^Mo..e(CM(AG;i^)) 

are both continuous functions from (0, 1] to the finite set {G[p) — G(q)|p,q e Crit[G)}, and so the 
fact that they coincide for all sufficiently small A implies that in fact they coincide for all A e (0, 1], 
and in particular for A = 1. 
Thus by Corollary [5^ 

^((^i;K) > ft„(0^;K) = PMorseiCMiG;K)) >y- min/ - 25. 

So since osc{f o H - G) < 2||/ o H - G||co < 25 it then follows from Theorem[l]4] (iii) that 

^(<^)„„;i?)>j-min/-45. 



For this statement one does seem to need AG to be C^-small, as once A is larger than the smallest element of & the 
possibility arises that a t-independent Floer trajectory might contribute to the Floer and Morse boundary operators with 
opposite sign, as can be seen by examining the argument on I.F099. p. 1039] and the proof of Theorem lA.3l 



32 MICHAEL USHER 



Since this holds for any y < minmax/ and any 5 > we have completed the proof of Theorem 
[531 D 



Remark 5.9. Of course, the above proof makes substantial use of the Kuranishi structure machinery 
from IIF099II . If one prefers to do without this, and is willing to impose the somewhat strong 
topological assumption that the minimal Chern number of (M, co) is at least equal to the complex 
dimension n (this includes the case where CjCTM) vanishes on ttjCM), in which case the minimal 
Chern number is considered to be oo), then one can instead make use of results from IIFHS95II 
to obtain Theorem 15. 61 with the field K assumed to have characteristic 2 rather than 00 Namely, 
first modify the function G from the proof of Theorem l5.6l so that its Hessian at each of its critical 
points belongs to the set 5^reg of ||FHS95[ Theorem 6.1] (which due to the density of 5^reg can easily 
be done in a way compatible with our conditions (i)-(v)). Then take an almost complex structure 
Jq which is standard near the critical points and with respect to which the gradient flow of G is 
Morse-Smale, and use Theorem IA.3I to slightly rescale G, preserving conditions (i)-(v), so that all 
t -independent solutions to the Floer equation determined by Jg with index at most 1 are cut out 
transversely. Then by [,FHS95[ Theorem 7.4] , a generic small perturbation J of Jq will have the 

property that all t-dependent solutions of the Floer equations 'g^ +J i'g^ ~^^g ] = for m e Z+ 
that are not multiply-covered are cut out transversely; moreover as long as the perturbation J is 
close enough to Jq the implicit function theorem shows that the transversality property for the 
t-independent solutions from the previous sentence will still hold. 

We claim that in this situation the Floer complex (in the contractible sector Cq) associated to G 
and J is well-defined and identical to the Morse complex. To see this, note that any finite-energy 
solution u: K x S^ ^ M to the Floer equation which is asymptotic to contractible (and hence 
constant) 1-periodic orbits pj, of Xg as s — » ±oo extends continuously to a map u: S^ ^ M when 
we identify R x S^ with the complement of the north and south poles of S^; write c^Ciz) for the 
Chern number of this sphere. Now the index of the solution u is given by 

7(ii) = indip+) - indip_) + 2ci(u). 

If u depends nontrivially on t, then there is m > 1 and a solution v: K x S^ ^ M to the Floer 
equation associated to — G such that u[s,t) = v[Tns,Tnt) for all {,s,t) e E x S^ and such that v 
is not multiply-covered. In particular the solution v is cut out transversely by ||FHS95| Theorem 
7.4], and so in view of the translation and rotation actions v must have index /(v) = ind{p^) — 
ind(p_)-l-2ci(v) > 2. So since Ci^u) = mci(v), if the original solution u had /(u) < 1 it would need 
to hold that Ci(v) < 0. But then the assumption on the minimal Chern number gives 2ci(v) < —2n, 
and so we would need to have ind<ip+) — ind[p_) > 2n + 2, which is impossible since the Morse 
index only takes values from to 2n. This proves that the only solutions to the Floer equation 
with index at most one are the t-independent ones, which coincide with the Morse trajectories 
and which we have arranged to be cut out transversely. Thus the Floer boundary operator receives 
contributions precisely from the Morse trajectories that determine the boundary operator for the 
Morse complex; since we are working over a field of characteristic two these contributions are equal 
and the Floer boundary operator equals the Morse boundary operator (in particular it squares to 
zero). So the Floer complex associated to G and J is indeed identical to the Morse complex, and 
so P^^[(I)^;K) = ^jv^o„g(G; K) and we can proceed just as in the last two paragraphs of the proof of 
Theorem [531 



The results that we use from ||FHS95|| require n > 2; if instead n = 1 and M is not S^ (and so M is aspherical) then 
one can obtain Theorem |5.6| from a continuity argument similar to that used at the end of the above proof. 



HOFER'S METRICS AND BOUNDARY DEPTH 33 

Proof of Theorem \TA\ As above let H: M ^ K be an autonomous Hamiltonian such that all con- 
tractible closed orbits of X^^ are constant, and such that the interval [0, 1] is contained in the image 
of H and consists entirely of regular values of H. 

Fix once and for all a smooth function g: K ^ [0, 1] such that 

• max g = 1 

• the support of g is contained in the open interval (0, 1) 

• The only local minima of g are at points where g(s) = 0. 

Now for V = (v,)~^ e ]R°° define 

00 

/vW = l]v,g(2'(s-(l-2i-))) 

1=1 

(In other words, the restriction of /^ to the interval /, = [! — 2^~\ 1 — 2~'] is equal to V; times the 
composition of g with an affine map which takes 7; to [0, 1]). The embedding $ : ]R°° —> Ham{Mco) 
in Theorem ll.il will then be given by 

Now the various fy°H all Poisson commute with each other (their Hamiltonian vector fields are all 
obtained by multiplying X^^ by a function), so since fy^„ oH = f^oH +f„oH itis clear that $ is a 
homomorphism. Using this and the biinvariance of the Hofer metric we have 

d($(v), *(w)) = II^-^^^hII < osciv - w). 

(The last inequality uses that maxg = 1.) 

On the other hand by Theorems 1 1.41 (1') and l5.6l we have 

d(*(v),*(w)) > ^((/)j:^^„^;K) > minmax/^_„ o H - min/^_„ oH> -mmf^_„oH, 

where the last inequality uses that the properties of g ensure that no /„ o H has a negative local 
maximum. At the same time Theorem ll. 41 (11) shows that 



^((^; „^;K) = ^(<^; „„;i^)>-min/,_,oH. 
Thus 
d(^(v),^{w)) > max{— minfy_^^,oH , — minf^_yoH} = max{max(w;— Vj),max(v;— W;)} = ||v— w||{ . 

i i " 

D 

5.3. An "energy-capacity inequality". If U is an open subset of a symplectic manifold (M, co), we 
denote by Ham'^^U) the group of diffeomorphisms which may be generated by a function G: S^ x 
M —>R such that the support of G is a compact subset of S^ x U. 

Proposition 5.10. Let (M, co) be a closed symplectic manifold, let U (Z M be open, let ip e Ham'^^U), 
and suppose that 0(t/) n U = where <p e Ham{M, w). Then, for all c e tzq^^M) and all fields K 

In particular [3 [ip o (f);K) = J3{4>;K). 

Remark 5.11. A statement essentially equivalent to Proposition |5.10| was proven in [Ulla', Lemma 
3.6] under the additional assumption that the Hamiltonian generating ip could be taken to be 
either everywhere nonnegative or everywhere nonpositive. 
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Proof. The condition that (j){U)r\U = is an open one on 0, so by an approximation argument 
and the continuity of p we may assume that is nondegenerate. 

By means of appropriate time reparametrizations, let H: S^ x M ^ ffi be a Hamiltonian gener- 
ating (f) having support in (0, 1/2) x M, and let G : S^ ^ M be a Hamiltonian generating tj) having 
support in (1/2, 1) x [/. For < s < 1 define 

r mt,m) 0<t<l/2 
L,it,m)-<^ ^^j-^^^-j i/2<t<l 

Then where xf)^ e Hanf{l]) is the Hamiltonian diffeomorphism generated by sG, the Hamilton- 
ian L^ : S^ xM ^>W. generates Vs ° 0- 

Taking inspiration from the Ostrover trick IIOs03ll . we observe that all fixed points of ^ are 
contained in M \ 17 and that ip^{(j){m)) = m <=^ ^(fri) = m. In particular each ips" (p coincides 
with on a neighborhood of their common fixed point set, and so the nondegeneracy of implies 
that oi ip^o (j) for all s. Since ipQ is the identity and xpi = xp, it suffices to show that the functions 
s -^ P^iips ° <^;^) are constant. 

Now the maps j: S^ ^ M such that f{t) =Xi (t,7(t)) are precisely those of the form Yp[t) = 
4'l (p) where p ^Fix^xp^ocf)). But as noted earlier, if p &Fix{xp^o(j)) thenp e Fix^cp) andp ^ U, 
and so 0^ (p) = <^^(p) for all t. Thus the orbits jp are independent of s; moreover since H is 
supported in (0, 1/2) x M and G is supported in (1/2, 1) x [/ while p ^U we have 

is(t,rp(0) = H(t,rp(t)) 

for all t. 

Now by Theorem 1 1.61 and Remark [sTsl for all s and c we have 

l3,i(Pl;K) & {0}U {s - t\s,t ^ ^^'}. 

Recall from the introduction that 5^j^ is defined as follows: to define the filtrations on the Floer 
complexes we have chosen a basepoint jc for c; then 5^^^ consists of the values 

J[0,l]xSi Jo 

where p varies over fixed points such that 7p e c and u: [0, 1] x S^ ^ M varies over homotopies 
from Y^tojp. For every p let us fix a homotopy Up from 7c to 7^; for any other homotopy u we will 
have 

where the countable group T^ was introduced near the start of Section[5] But 

■*^L,([rp,"p]) = - ">+ ^.(t>rp(t)) = ^H([rp,"p]) 

J[0,l]xSi Jo 

is independent of s by our earlier remarks. 

Consequently the set {5 — t|s, t e 5^'^} is equal to 

{'«^H([rp>"p])--^H([rq,"q]) + §lrp,rqec>gerj; 

this is a countable set which is independent of s. So s -^ Pi.[L^;K) is a continuous function to a 
countable set and therefore is constant. D 

Corollary 5.12. For a dosed symplectic manifold (M, co) and an open set U <z M let 

c^([/;M) = sup{/3(</.;Q)|<^eHam'([/)}. 
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Then 

Cp{U;M)<2e{U;M) 
where e[U;M) is the displacement energy: e(i7;M) = inf{||^|||<^(L/') n U = 0}. 

Proof. If i/i e Hanf{U) and 4>[,U) n i/ = we have by Proposition lS.lOl and Theorem [L4l 

Hence 

(13) pixp;q)<pi4>;q) + \\4>\\<2m. 

D 

6. Lagrangian Floer theory 

Let L be a closed connected Lagrangian submanifold of a tame 2n-dimensional symplectic man- 
ifold (M, co). We will always assume that the Floer homology of L can be defined; this requires 
either that L be monotone with minimal Maslov number /i^, > 2O or else that L be oriented, rel- 
atively spin and weakly unobstructed after bulk deformation in the sense of r FOOO09a|, Sections 
3.6, 3.8.5]. The fields K over which Floer theory can be defined depend somewhat sensitively 
on the hypotheses we put on L : if L is not relatively spin but is monotone with /^^ > 2 then we 
need to work over a field of characteristic 2; on the other hand, at least if the ambient manifold 
is not spherically positive, then the construction of Floer theory for relatively spin non-monotone 
Lagrangians as in ||FOOO09al1 requires one to work over a field of characteristic 0. Throughout this 
discussion we will assume that K is a field satisfying the above requirements. 

In the case in which one uses the machinery of [FOOO09a], one needs to specify a relative spin 
structure on L as well as a suitable bounding cochain in order to develop the theory; we will use 
the notation L to denote L equipped with whatever such extra structure may be required in the 
case at hand (note that that the Floer homology, to be denoted by HF[L,L), may depend on the 
extra structure) . 

Given this input, let 

0^a,L) = {r e C\[0, l],M)|r(0),r(l) e L}. 

Then 7ro(^(L,L)) contains a distinguished component Cq which contains all constant paths at 
points of L (and, more generally, all paths contained entirely within L). As in the Hamiltonian 
case, let us choose for each c e tiq{3>'[L,L)) a basepoint y^, and also a symplectic triviahzation 
Tj of Y*TM under which, for i = 0, 1, r^(,)i is identified with {i} x K". Consider pairs (7, v) 
where y e c and v: [0,1] x [0,1] ^ M is C^ and obeys v(s,i) e L for i = 0,1, v(0, t) = 7,(t) 
and v(l, t) = 7(t). Up to homotopy there is a unique symplectic triviahzation of v*TM which 
extends t^ and, for i = 0, 1, identifies each T^^s.o^ with {(s, i)} x K"; in particular t^ and v induce 
a symplectic triviahzation of y*TM which identifies T^(i-)L with {i} x K". Declare two such pairs 
(7, v) and (7', v') to be equivalent if and only if: 
(i) Y = y', and 



Strictly speaking, for the discussion below we need to use a slightly different convention than usual for the definition of 
111. In general the Maslov index induces a homomorphism ;U: J-f2(M,L;Z;) -^ Z. The most common definition has /x^ equal 
to the positive generator of the group generated by /^(A) for A in the image of the Hurewicz map 7T2(M, i) — > H2(M,L;Z) 
(and 00 if this group is trivial). Since we consider Floer chain groups corresponding to all elements c s 71q{^ {L , L)) rather 
than to just the trivial class Cq, we need to consider somewhat more general classes A e 7r2(M, L;Z), namely the relative 
homology classes of cylinders having both boundary components on L . Alternately, we could use just the trivial class Cq in 
the definition of the Floer complex, in which case the version of (j.^ based on ■R2[M,L) would be appropriate, but then we 
would need to assume that the resulting Floer homology is nontrivial in order to obtain a version of Proposition 16.21 and 
hence to make the boundary depth well-defined as a function on .S?(L). 
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® Jr, 



V O) : 



L 



.V 00. 



I [0,1]2 J [0,1]^ 

For c G 7io(^(L,L)) we let f be the set of equivalence classes of such pairs (7, v) with j 
under the above equivalence relation, and define 



g^iL,L) = U 



C67t„(3» (L,L))C 



We then have a well-defined function 



[r,v] 



[0,1] 



v^co+ I H[t,rM)dt. 
/o 



The critical points of j^i^ are, as in the Hamiltonian case, those [7, v] with f[t) =Xjj(t,7(t)). 
They thus correspond to time-one flowlines 7 of the (time-dependent) vector field X^ with the 
property that 7(0) e L n (</)^)"^(L). For c e ttqC^CL, L)) let ffc,L,H denote the set of such flowlines 
Y which belong to the homotopy class c. Assume that the pair iL,H) is nondegenerate in the sense 
that L is transverse to (</)^)~^(L); in particular U^^,.^^ will then be finite. 

For c G tIqC^ (L, L)), a loop 97 : S^ ^ c gives rise in obvious fashion to a cylinder u^ : S^ x [0, 1] ^ 
M whose boundary is mapped to L. We then obtain a Maslov index /x^ by choosing an arbitrary 
S5miplectic trivialization of u* TM and taking the difference of the Maslov indices of the loops of 
Lagrangian subspaces given by u|*i ,1^^ i^i terms of the trivialization (of course the difference 
is independent of the trivialization). Let JV^ be the nonnegative generator of the subgroup of Z 
generated by the values /x^ for loops 17 in c. Also, let T^ be the subgroup of K generated by the 
numbers Lj ,„ ^, u* w for loops 17 in c. 

We then have another well-defined function 

given by, for any j e 0c,l,h, choosing a homotopy v from Yc to Y through paths in 3>*[L,L) and 
letting h^y) be, modulo N^, the Maslov-Viterbo index ['VSZ'J of (y.v) i.e., the Maslov index of 
a loop of Lagrangian subspaces of K^" determined by the aforementioned trivialization of v* TM 
along all but the right side of d [0, 1]^, and given over the right side by the path (0^)^7^(0)1. (with 
appropriate oppositely-oriented 90-degree rotations at (s, t) = (1, 0) and (s, t) = (1, 1) in order to 
obtain a continuous path). 

{c} X Z/AfjZ, endowed with the action 



As in the Hamiltonian case, we let S, 



iM,L) 



•Jc€7io(3'a,i)) 



of Z given by addition in the second factor, and for K an appropriate field, (c, k) e Sj^j^^q 
we let 



and A 1 



Critl^ij^H) = {[r, v] \y e ^,,i,H, ^H([r, v]) < A, M([r, v]) = k] 



and 



CF^_^CL:H;K): 



E 



nr.v; 



[r>v] 



[r.vJeCrit^-Jj/H) 



nr.v] 



ii:, (VC e MX#{[r,v]|ar,„n ^ 0, ^H([r,v]) > C} < 00) 



Also let CF.j^iL : H;K) = U^CF^^iL : H;K), and CF.iL : H;K) = e^CF^j^iL : H;K). Under 
various hypotheses on the field K and on L (and on what we denote by L,i.e. on L equipped with a 
relative spin structure and/or a bounding cochain as necessary) there are constructions of the Floer 
boundary operator dj „ on CF^L : H;K) in f.FlSSl . ||Oh93|| . IIHLIOIL l|FOOO09a|| . In all cases, these 
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constructions (or straightforward modifications of them) give CF{L : H; K) the structure of a S(jvf,i)" 
graded, R-filtered complex over K and each individual CF^{L : H;K) the structure of a Z/JV^Z- 
graded, K-filtered complex over Ko Each CF,. j.(L : H;K) is a finite-dimensional vector space over 
A^'^', as is the full chain complex CF^[L : H;K), much like the situation in the Hamiltonian case. 

Standard constructions of continuation maps that can be found, e.g., in IILeOSI Section 3.3] and 
IIFOOOllI Section 5], can be adapted to prove the foUow^ing analogue of Proposition 15. II 

Proposition 6.1. Given two Hamiltonians H_,H^ and appropriate auxiliary data used to construct 
the complexes iCF{L : H^;K), dj ^ ), there exist: 

• an S+(^H+ - H_)-morphism ^: iCF(^L : H_;K),dj hJ ^ {CFiL : H+;K),dj^^H^) 
. an S-{H+-H_)-morphism^: {CF{L : H+;K),dj^^H,) ^ (CFiL : H_;K),dj'^Hj 

• osciH+ - H_)-homotopies je± : CF[L : H±;K) -^ CF^L : H±;K)from * o * and * o $ to 
the respective identities. 

In particular the Floer complexes iCF{L : H_;K), dj ^ ) and {CF{L : H^;K), 5j ^ ) are osc{H^ — 
H _)-quasiequivalent. 

Note that by Proposition 13.81 the special case in which H_ = H+ is enough to imply that the 
boundary depth of the complex [CF{L : H; K), 3j^) is independent of the path of almost complex 
structures J used to define it (indeed the methods in llUllall that are used to prove Proposition l5.2l 
can straightforwardly be adapted to prove that the filtered chain isomorphism type of CF{L : H;K) 
is independent of J, though we will not need to directly appeal to this fact). 

We will also require the following analogue of Proposition [53J in order to show that the bound- 
ary depth depends only on the Lagrangian submanifold (</)^)~^(L) and not on H. In the weakly 
exact case a closely related argument appears in [|BaC07i Section 2.1.3]. 

Proposition 6.2. Let G,H: [0, 1] x M ^ K be tu/o normalized Hamiltonians with the property that 
(0g)~^(L) = [(plj)~^[L). Then for appropriate paths Ji, J2 of almost complex structures there is a shift- 
isomorphism *^: iCF{L : G;K),dj q) —> iCF{L : H;K),dj u). In the case that the Floer homology 
HF{L,L) is nonzero this shift-isomorphism restricts for all c e 7To(^(I.,L)) to a shift-isomorphism 
CF^l :G;K)^ CF^l : H;K). 

Proof Define xp^: M ^ M by 

The hypothesis on H and G shows that 

(14) i'ia) = L. 

Let F: [0, 1] x M ^ K be the normalized Hamiltonian generating the path {'4^t}te[o,i]- Since 

^G ~ '^'t^ ° ^H ^^ '^^^^ 

(15) G{t,m) = {H-F){t,^,{m)). 

Define 

*: &>{^L,L)^^{L,L) 

(*rXt) = ^t(r(0); 

this is well-defined by ( fT4l ). Denote the induced action on 7To(^(i.,i)) by *^. We define a lift 
* : !^{L,L)^> 0^{L, L) as follows. For each c e ^[L,L) we have chosen a basepoint j^ e c; we now 



In the setup of ||FOOO09a|| there are certain possible bounding cochains for which this statement will not precisely be 
true due to grading-related issues; it will become true if we reduce the grading of CF^{L : H,K) from Z/N^Z to Z/2Z (as 
is possible, since in the setup of |'FOOO09a| L will be oriented and hence JV^ will be even) . For ease of exposition we will 
ignore this distinction, which does not affect the ideas of any of the proofs to come. 
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choose additionally a homotopy v^ : [0, 1]^ -^ M from jc to ^jf-^- Now for [j, v] g c c 3>>[L,L) 
define 

*([r,v]) = [*r,v>i,,,#*v] 

(where for the homotopy v: [0,1]^ -^ M from jc to j we define (*v)(s, t) = ipi-[v[s,t)), and 
where # denotes the obvious gluing operation). Using ([15]) . a computation very similar to that in 
the proof of Proposition 15 .3 1 shows that 

Moreover we have 

*[r, v] e Crit(j^H) ^ i/'i(r(l)) = '/'hWO)) ^ r(l) = ^cWO)) ^ [r,v] e Crif(^G). 
Thus for any c e 7ro(3^(L,L)) and any A e R, where we denote A,. = ^f([*Tc>^*,c])> * induces 
a linear map ^^i CF^{L : G;K) ^ CF^ c '(^ • ^J^)- Moreover, given a path of almost complex 
structures Ji(t), if we set J2M = ipt*JiM'4'^.f then just as in the proof of Proposition 15. 31 we will 
have, for u: M X [0, 1] ^ M, 

in obvious notation, as a consequence of which ^^ is an isomorphism of chain complexes. Consid- 
eration of gradings then shows that "i/^ is a shift-isomorphism just as in the proof of Proposition 
[531 

It remains to estabUsh the final sentence of the proposition. Assume then that HF(^L,L) / 0. 
Clearly the proposition will follow if we show that ^t^c = c for all c e tiqC^ {L, L)). Now in general 
HF{t,L) splits as a direct sum ®^HF^{L,L) where, for a generic Hamiltonian H' , HF^[L,L) is 
the homology of the subcomplex CF^{L : H';K) generated by those [7, u] with 7 e c and j[t) = 
X^'(t,7(t)) (and of course this homology is independent of H')- If we choose H' to be C^ -small, all 
such Y will be contained within a Darboux-Weinstein neighborhood of L and so will be homotopic 
rel endpoints to a path entirely contained in L (by the deformation retraction that shrinks the 
fibers of the Darboux-Weinstein neighborhood). Thus where Cq g 7ro(^(L,L)) is the trivial class, 
all generators [7, v] for CF{L : H';K) have 7 e Cq. This shows that we have HF^<iL,L) = for 
all c 7^ Cq. So if HF(L,L) ^ then Cq is distinguished as the unique class c in 71q[L,L) such that 
HF^{L,L) 7^ 0. But on homology the shift-isomorphism that we have constructed above sends 
HF^ {L,L) to HF^ J (L, L), so we must have *^Co = Cq. 

With this established one sees similarly to the proof of Proposition 15.31 that 'I'^c = c for all 
c. Indeed, since ^^Cq = Cq, one finds that if 7 e ^{L,L) then both *7 and 7 can be joined by 
homotopies (within 0>'[L,L)) to the path given by 

7(2t) < t < 1/2 

^2t-i(r(l)) l/2<t<l 

Thus (when HF[L,L) ^ 0) we have *^c = c for all c. With this established it is clear from the 
construction that *j restricts as a shift-isomorphism CF^{L : G;K) ^ CF^{L : H;K). D 

Remark 6.3. The requirement that HF(L, L) 7^ in the last statement of Proposition l6.2l is necessary. 
As is made clear in the proof, the last statement holds provided that, where i/^t: M — » M is a 
Hamiltonian isotopy from the identity to a Hamiltonian diffeomorphism ip^ such that i/'i(L) = 
L, and where we put i^iyXt) = ipt(.YM) for 7 e ^(L,L), the map * acts as the identity on 
tiq{0^[L,L)). As we argued above, this condition does hold when HF{L,L) 7^ 0. However, if we 
consider for instance the case in which M = M^ jl? with its standard symplectic structure, and 
where L is a small contractible circle around (0, 0), it is easy to construct a Hamiltonian isotopy 
ip^: M ^ M which restricts to L as translation by (t, 0) for each t e [0,1]. In this case the 
associated map *: 0>'[L,L) ^ 0^<iL,L) obviously does not act as the identity on ttq. 
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Consequently, whenever L' e i^(L) and L rti L' we may define jii{L';K) to be the boundary 
depth of the chain complex CF{1 : H;K) for any Hamiltonian H: [0, 1] x M ^ K with the 

property that L' = [(j)jj)~^{L). Propositions 16. II and 16.21 readily imply that this quantity is inde- 
pendent of the choice of such H (and of the almost complex structures and abstract perturbations 
involved in the construction of the Floer complex). In case L' = ((/)^)~^(I.) is not transverse to L, it 
is easy to see from the special case of Theorem |1.7l (i") involving Lagrangians transverse to L (to be 
proven presently) that we obtain a well-defined value jii{L';K) as the limit of Pi[[4>lj )~^[L);K) 
for any H„ with H„ ^ H in C^ and ((^^ )~\L) rti L. 

Also, in the case that HF{L,L) 7^ 0, if c e 7ro(^(L,L)) and L' e if(L) we denote by Pi,iL';K) 
the boundary depth of the chain complex CF^L : H;K) where L' = ((^^)~^(L) assuming that 
L' fh L; again this depends only on L and not on H by Propositions 16.11 and 16.21 because of the 
assumption that HF{L,L) 7^ 0. Of course we have Pi,.[L';K) < jii{L';K) when both are defined. 
If L' and L are not transverse we again define Pi c[L';K) by continuity. 

Proof of Theorem \Ty\ (i) [\Pi[Li;K) — Pi[L2;K)\ < 5(Li,L2))- As indicated above we must first prove 
this in the case that L^ rti L and L2 rti L in order to even justify the definition of Pi[L';K) when L' 
and L are not transverse. After we do this the general case of Theorem |1. 71 (i) will clearly follow 
by continuity. 

Choose a Hamiltonian G: [0, 1] x M ^ M so that ^^(Lj) = i-i and a Hamiltonian H such that 
4)ljiLi) = L. So where F(t,m) = H(f,m)-FG(t,(^P"Hm)) we have </)j!.(L2) = i- Thus Pi[L2;K) 
is the boundary depth of CF^l : F;K), while Pi{Li;K) is the boundary depth of CF{1 : H;K). So 
by Propositions 13.81 and |6.1| we have 

\Pl{W,K) - Pi{L2,K)\ < osc{,H -F) = osciG). 

So since G was an arbitrary Hamiltonian with (^^CLj) = L^ part (i) of Theorem 11.71 follows (at 
least in the transverse case, and as noted earlier the general case then immediately follows by 
continuity). D 

Proof of Theorem\L7\(ii) [on l3i(^L;K)). Constructions in [|BiC07l Section 5.6] in the monotone 
case and from ||FOOO09cl] in other cases provide a chain complex "^[LiK), with the following 
properties: 

• '^[L;K) is, in the language of Section[4l a quantum correction of the Morse complex with 
coefficients in K and with grading reduced modulo JV^ of a suitable Morse function on L, 
such that for any e > the gap of "^(L) in every grading may be arranged to be at least 
supjCT(M,L,J) — e. 

• For any H such that (0^)"Hi') rti L, CF^^{L : H;K) is 05c(H)-quasiequivalent to "^(I), and 
for c ^ Co, CF^[L : H;K) is 05c(H)-quasiequivalent to the zero chain complex. 

By taking a limit as H ^ it follows from Theorem 11.71 (i) and Proposition 13.81 that Pi{L;K) 
may be computed as the boundary depth of '^(L;i<^). By Proposition |4.3| this quantity is zero if 
HF{L,L) = H^(L), and otherwise is at least supjcr(M,L,J) — e. Since e is arbitrary (depending 
on the choice of an almost complex structure in the construction of 'ia{L;K), whereas Pi{L;K) 
is independent of this almost complex structure) we in fact have jii{L;K) > supj cr(M,L,J) if 
HF{L, L) is not isomorphic to H.^,{L). D 

Proof of Theorem\L7\(iii) (L n Lj = => Pi^L^iK) = 0). This is obvious, as the trivial chain com- 
plex has boundary depth zero. D 

Proof of Theorem \Ty\ (iv) (/3^(r^;K) = ^(^;K)). This property follows from a familiar compari- 
son between Lagrangian and Hamiltonian Floer theory, as discussed for instance in [,BPS03. Sec- 
tion 5.2] in the exact case and in [|FOOO09b[ Section 6.2] in general. Since, unlike these other 
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references, we need to keep track of filtration levels and various other issues, let us review the 
argument. Let A c M x M be the diagonal and endow M x M with the symplectic structure 
n = (—<!)) ffi CO, There is a map (which modulo issues relating to differentiability of paths would be 
a homeomorphism; in particular it induces a bijection on tiq) 



(Tr)(O=(r(i-0,rQ)) 



In particular if for every component c e tiqC^M) we have chosen a (smooth) basepoint jc we 
obtain basepoints T^^ for the components of 5^(A, A). A symplectic triviahzation of each y^TM 
(such as we have used as input in our formulation of Hamiltonian Floer theory) induces in the obvi- 
ous way a symplectic triviahzation of (Ty J*r(M x M), such that for i = 0, 1, T-Yy (qA is identified 
with the diagonal in R^" x K^"; at least after composing with the constant linear symplectomor- 

phism ( n 1 ) °f ®^" ^ ®^" this gives a symplectic triviahzation of (T7j*T(M x M) suitable 

as an input for our formulation of Lagrangian Floer theory. 

The map T evidently sends a homotopy w from jc to 7 to a homotopy Tw from Ty^ to Tj given 
by 

Tw(s,t)= (w (s,l--j ,w is,- 
Clearly 

J[0,l]2 J[0,l]xSi 

and so the assignment 

^ ^T([r,w]) = [Tr,Tw] 

gives a well-defined map J^M -^ ^(A, A) of the covering spaces which are the domains of our 
action functionals. 

Now given a smooth function H: S^ x M ^ R define G: [0, 1] x M x M ^ R by 

G(t,mi,m2) = -(^h(^1- ^,mij +H (^.^jj j . 

We plainly have, where the action functional on the left is that from Section [5] and the one on 
the right is from the present section. 

Moreover critical points are easily seen to correspond under T: if j: S^ ^ M has 7(f) = 
^H(t,r(0) then (TyXt) = XeCt.TrCt)), and conversely if T = (71,72): [0,1] -^ M x M with 
r(0),r(l) e A obeys r(t) =XG(t,r(t)) then 

r-irrn-J ^2(20 0<t<l/2 

''^~\ ri(2-2s) l/2<t<l 

will obey ^ (T"^r(t)) =XH(t, T'^TCt)) (in particular T"^r will be smooth everywhere). 

Consequently, at least at the level of modules, T induces an isomorphism between the filtered 
Hamiltonian Floer groups CF^{H;K) and the filtered Lagrangian Floer groups CF^{A : G;K). At 
least in the case where M (and hence A) is monotone and where K = Z/2 it is a standard fact that 
this is an isomorphism of chain complexes: if one uses the S^ family of almost complex structures 
Jf on M to define the differential on CF{H;K), one should use the family i—Ji-t/2) ® '^t/2 on 
M x M to define the differential on CF(A : G;K), and then Floer trajectories u: R x S^ ^ M 
on the Hamiltonian side will correspond to Floer trajectories Tu(s, t) = (u (^, 1 — |j ,u Q, |jj 
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on the Lagrangian side (and conversely — in particular if v: R x [0,1] ^ M is a Floer trajectory 
on the Lagrangian side then one can appeal to elliptic regularity to show that T~^v is smooth). 
Moreover regularity of trajectories is preserved under this correspondence; indeed one can use 
T (and again appeal to elliptic regularity) to set up isomorphisms between the kernels of the 
respective linearizations and also between their cokernels. Thus in the monotone case we have an 
isomorphism of filtered complexes between Cf(H; Z/2) and CF(A : G;Z/2); hence the boundary 
depths of these complexes are the same. 

Of course in the nonmonotone case (or indeed even in the monotone case if one wants to work 
in characteristic other than two) one needs to say somewhat more, since one needs to choose rela- 
tive spin structures and bounding cochains in order to even define the chain complex CF(A : G;K). 
In [|FOOO09b[ p. 32] the authors describe a relative spin structure on A with the property that 
is a bounding cochain for A. Accordingly we use this relative spin structure and the zero bound- 
ing cochain. Since we are using the zero bounding cochain, there are no deformations involved 
in the Lagrangian Floer differential and so just as in the previous paragraph T sets up a corre- 
spondence between the moduli spaces of Hamiltonian and Lagrangian Floer trajectories, and also 
between the kernels and cokernels of the linearizations at these trajectories. Consequently abstract 
perturbations as in IIF099II . l|FOOO09al] can be constructed on either side so that the perturbed, 
transversely-cut-out moduli spaces will be in one-to-one correspondence. To conclude that the Floer 
boundary operators coincide one then must check that the orientations (of the Kuranishi structures 
on the unperturbed moduli spaces, as in ||FOOO09al Appendix A]) coincide. 

This latter fact follows quickly from the general method of constructing coherent orientations 
in Hamiltonian [F099, Section 21] and Lagrangian ( IIHLIOI Section 2.5],[FOOO09a, Section 8.1]) 
Floer theory, together with the discussion on [|FOOO09b[ p. 33]. We quickly sketch the argu- 
ment. With respect to the natural correspondence (similar to the one given by T) between spheres 
u: S^ ^ M and discs u: iD^,dD^) ^ (M x M,A), [FOOO09b ] shows that the canonical ori- 
entation of the determinant bundle of a Cauchy-Riemann operator on u*TM coincides with the 
orientation induced by the special relative spin structure that we are using on the determinant 
bundle of the corresponding Cauchy-Riemann operator with Lagrangian boundary conditions on 
(u*r(M X M), (u|gp2)*TA). Now the determinant bundles of the appropriate linearizations at ele- 
ments of Hamiltonian Floer moduli spaces are oriented as follows. First orient in arbitrary fashion 
the determinant bundles of appropriate "left-cap" operators P~(y) associated to each 1 -periodic 
orbit Y (the domains of these operators are the sections of a bundle over D^ Ug ([0, oo) x S^)). 
This induces orientations of the determinant bundles first of the similar right-cap operators P'^^j) 
and then of the determinant bundles of the linearizations at elements of the Floer moduli space, 
by imposing compatibility under gluing with the canonical orientations of the determinant bun- 
dles of Cauchy-Riemman operators on bundles over S^. Similarly, in Lagrangian Floer theory for 
Hamiltonian-isotopic Lagrangians, one first orients arbitrarily the determinant bundles of left-cap 
operators P~(f) whose domains are sections of bundles with Lagrangian boundary conditions over 
the union of a half-disc with an infinite strip, and then uses compatibility under gluing with the 
orientations of determinant bundles of Cauchy-Riemann operators over the disc that are imposed 
by the relative spin structure in order to orient first right-cap operators and then the determi- 
nant bundles of linearizations of elements of the Lagrangian Floer moduli spaces (this is explic- 
itly explained in [HLIO]; it is not difficult to see that the orientation prescription in [FOOO09a] 
Section 8.1.3], which addresses the more general situation where the Lagrangians might not be 
Hamiltonian-isotopic, reduces to the prescription of ['HLIO'] in this special case). Now in our case 
the correspondence T allows us to push forward the orientations for the Hamiltonian left-cap op- 
erators P~{_y) to orientations for the Lagrangian left-cap operators ^"(Ty). Since, as shown on 
||FOOO09al p. 33], the choice of relative spin structure ensures that the orientations for spheres 
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in M coincides with the orientations for discs in M x M, the orientations that are imposed on the 
determinants of the linearizations at elements of the Floer moduli spaces will then coincide under 
T. 

This leads to an isomorphism of oriented Kuranishi structures between the moduli spaces on 
the Lagrangian and Hamiltonian sides. Consequently CF(H;K) is isomorphic as a filtered chain 
complex to CF(A : G;K); in particular these complexes have the same boundary depths. 

Given an arbitrary nondegenerate cp ^ Ham[M, co) choose H in the above discussion so that 
4> = i4>lj)~^. We see that 

and in particular 

So 

(0i)-i(A) = {(p,q) G M X M\4>1/^ o <^(p) = <t>'J\q)} = {(p,q) e M x M|</,(p) = q} = F^. 

So p^{_r^;K) is the boundary depth of CF(A : G;K). So since (using Theorem [L4lCiil) Pi(j);K) 
is the boundary depth of CF[H;K) this proves the result for nondegenerate 0, and then the case 
where cp is degenerate follows by continuity. 

D 

We then quickly obtain one of our main applications: 

Proof of Theorem \L2\ Since the map (p ^^ T^ can only decrease the Hofer distance, the second 
inequality in Theorem 11.21 follows trivially from the corresponding inequality in Theorem 11.11 
As for the first inequality, by the invariance properties of Hofer's metric and by the fact that 
(Ijj X $(u))r4,(y) = r$(y+y), we can reduce to the case where w = 0; thus it suffices to show 
that 5(A,r4,(y)) > \\v\\(^. Also note that I3^[A;K) = by Theorem [L7l (ii), since HF{A,A) is 
isomorphic to the singular homology of A (for the general, nonmonotone case see ||FOOO09al 
Theorem D]). Hence by Theorem |1.7| (i) and (iv) we have 

5(A, r^(,)) > ^A(r$M;-^) = /3(*(v);K). 

But it was shown in the proof of Theorem 11.11 that /3($(v);K) > ||v||£ , completing the proof. D 

Proof of Theorem \L8\ Just as with Theorem |1.4l (v), this statement about boundary depths of prod- 
ucts follows (assuming the Kiinneth property) directly from Theorem [83] (of course, unlike in the 
Hamiltonian case, it is not automatically true that the Floer homologies of the factors are both 
nontrivial, which is why this additional assumption is necessary). D 

The calculation in Section[2]is made relevant by the following: 

Proposition 6.4. Where S^ = K/Z, let M be either S^ xR or S^ x S\ with its standard symplectic 
structure. For a Morse function f : S^ —>-M. define Lf = {(x,/'(x))|x e S^} c M (where of course the 
second component is taken modulo 1 in case M = S^ x S^). Then, where Lg '^s endowed with the unique 
relative spin structure compatible with its standard orientation and with the zero bounding cochain, 

Proof Define H: M ^ K by H(x, j) = -fix). Then for all s > we have L,f = ((^J^)"Hio)- 
Now it follows from [|Fl89[ Theorem 2] that, there is Sq > such that for all positive s < Sq 
and for appropriately-chosen almost complex structures in the definition of the Floer complex, all 
connecting trajectories arising in CF{Lq : sH;K) will degenerate to Morse trajectories, in view of 
which CF[Lq : sH;K) (which in this range of s coincides with CF^^{Lq : sH;K)) will be isomorphic 
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as a filtered chain complex to CM[—sf;K). (Of course it follows in particular that HF[Lq, Lq) ^ 0, 
so Pi^,.^[-;K) is well-defined as a function on if (Lq).) Consequently we will have 

pL,.cMsf;K) = pMorsei-sflK) for < S < Sq. 

Now for all s > the critical points of the action functional j?/^^ are those [7, v] e 0^{Lq,Lq) 
where j: [0,1] —* M has the form 

r(t) = (xo,-st/'(xo))- 

Since we require 7(0), 7(1) e Lq, in the case that M = S^ x R this clearly requires that /'(xq) = 0. 
In the case that M = S^ x S^, once s is large enough there will be some additional critical points 
corresponding to nonzero values of /'(xq); however for these extra critical points 7 will represent 
a nontrivial class in 7ri(M, Lq), and it remains true that, for all s, the only critical points in the 
"topologically trivial sector" "cq will have the form [7, v] where 7(f) = (xo,0) and /'(xq) = 0. 

Thus in either case CF^^{Lq;sH;K) is, for all s, generated by just those orbits arising from critical 
points of/. Moreover since iz2(_M,Lq) = the "period group" F^ is trivial (so the Novikov ring 
A'^'^'o over which CF^ [Lq;sH;K) is defined just degenerates to K), and the action of a generator 
of CF^^[Lq;sH;K) corresponding to a critical point Xg is just sH[xq, 0) = — s/(xo). So by (an easy 
special case of) Proposition 1 7. 41 we will have 

feo.coCij/;^) e {s/(xo) -s/(xi)|xo,Xi G Critif)]. 
Of course, l3[^g^^^[—sf;K) belongs to the same set. Thus 

1 1 

are both continuous functions from (0, 1] to the finite set {f [xq) — f [xi)\xq, x^ e Crit{f)}, and by 
the first paragraph they coincide for s < Sq, so they must in fact coincide for all s. 

D 

Remark 6.5. Clearly the same argument allows one, on a general cotangent bundle T*M of a closed 
manifold M, to relate the boundary depth of a graph of an exact 1-form df to the Morse-theoretic 
boundary depth of / : M ^ R. In this way one can obtain a proof of infinite diameter for the Hofer 
metric on Lagrangian submanifolds isotopic to the zero section Ojy^, though this latter result can 
be proven using older methods of Oh and Mihnkovic [Mi02]. Combining this with Theorem ! 1.71 
(v) yields (conditional on a Kiinneth formula) infinite diameter for 0^ x L c: T*M x N for any 
Lagrangian submanifold L c JV with nonvanishing Floer homology. 

Corollary 6.6. Suppose f : S^ —> R is a smooth function such that, for some integer m > 1, we have 
f[x + l/m)=fix)forallx e S^. Then where Lf = {(x,/'(x))|x e SH c (S^ xRorS^ x S^) we 
have 

Pl„<:,iLf;K) = oscf. 

Proof By the continuity properties of [3 it suffices to prove the result when / is Morse. Of course 
HF(Lo,Io) = HXLq), so by Theorem [LTl (i) and (ii) and the fact that fe/-;^) > Pl^.c^'IK) we 
must have l3i^,.^[Lj:;K) < oscf. So by Proposition 16.41 the corollary will follow provided that 
PMorse(-f>K) > osc f . But this is clear from Theorem 12.11 given our periodicity assumption on /: 
if in ([1]) we take ti,t2 to lie in [0,1/m] and be, respectively, a global maximum and a global 
minimum, and if we then set tj = tj -I- 1/m and t^= t2 + l/m, then (fj, tj, t^, t^) will be in cyclic 
order with min{/(fi),/(t3)} - max{/(t2),/(t4)} = oscf. D 
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Proof of Theorem \L3\ The time-one map of the Hamiltonian Hy : T^ x M —>R defined by 

sends Lg x L to L^+g x L; in view of this and the invariance properties of 5 it suffices to prove the 
theorem in case / = 0; thus we are to show that 

osc g — C < 5(Lo X L,Lg X L) < osc g. 

The second inequaHty is obvious from the first sentence of this proof (replacing / by g; of course 
if M is noncompact one has to cut off the Hamiltonian outside a neighborhood of T^ x L, but this 
will not increase the Hofer norm). 

Since 712(7^, Lq) = and L c M is assumed monotone with minimal Maslov number at least 2 
the Kiinneth property holds for Lq and L, at least if one restricts to the Floer complexes correspond- 
ing to the component Cq of constant paths in each of the manifolds. In particular HF{Lq x L,LqX L)^ 
since we assume that HF{L, L) ^ 0, so the boundary depth Pf^ ^ [■',K) is well-defined as a func- 
tion on if(Lo ^ L). Let C = /3j-^(Lo x L;K). Thus C = in the case that HF[L,L) is isomorphic 
to the singular homology of L by Theorem 11.71 (ii) together with the Kiinneth property. Further 
Theorems |1.7| (i) and 11.81 (or rather, a version of Theorem 11.81 for the restricted boundary depth 
l^'TTr > which follows equally easily from Theorem 18. 5 D show that 

Lq XL,Cq 

5(Lo xL,L^xL)> Pj^^a, X L;K) -C> /3j;^, JL, x L;K) -C> Pi^{L,;K) - C. 
But the assumption that g e C^q(S^) implies, by Corollarv l6.61 that Pi [Lg;K) = osc g. D 

7. Coefficient extension and attainment of the supremum 

We now turn to some purely algebraic results needed to complete some of the proofs from the 
previous two sections. In our conventions, the vector spaces underlying the Floer complexes that 
are denoted by CF^ have the following structure, with the function £ defined by 

(■[Y^a[r.w][r,w]j =max{j4j([r,w]):a[y„,] 7^0}. 

Definition 7.1. Let K be a field and let A = A*^'^ be a Novikov field over K (where F < K is an 
additive subgroup). A finite-dimensional filtered A-vector space (_C,i) is a A-vector space C together 
with a function 

£: C^RU{-oo} 

with the following property. There is a finite basis {xj, . . . ,x^} for C such that £(xj > — 00 for each 
i and for all A;^, ...,!„, e A we have 

(16) I I 2^.^. = max(£(x,) - v(A,)). 

Such a basis {xi,...,x„} is called an orthogonal basis for C. 

In the case of the Hamiltonian Floer complexes CF^[H;K) as defined in Section[5j an orthogonal 
basis is given by the set {[7'^,w^],..., [7'",w'"]} where the 7' are the distinct elements of 0^[j 
and the w' are arbitrarily-chosen homotopies from the basepoint 7^ to y'. Of course, a similar 
description applies to the Lagrangian Floer complexes. 

Definition 7.2. A finite-dimensional filtered A-vector space is called standard if it admits an or- 
thonormal basis, i.e., an orthogonal basis {x^, ...,x^} such that £(x;) = for all i. 
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In other words, (C, £) is standard if and only if there is a vector space isomorphism $ : C ^ A'" 
such that £(c) = — v($c) for all c; the image under <l> of any orthonormal basis for C will then 
be an orthonormal basis for A"" in the sense defined in Section |4l Of course, not every finite- 
dimensional filtered A-vector space is standard, since in the standard case the image of the map i 
is r u {— oo}, which need not be the case in general. On the other hand, if there is an orthogonal 
basis {xj, . . . ,x,„} for C such that the real numbers i{xi), . . .,i{x^) all belong to the group F, then 
(C,£) is standard, since then {T^^^^^x-^, ..., r^'^^'"-'x„} is an orthonormal basis. 

This shows that any finite-dimensional filtered A^-^-vector space can be made standard after 
extending coefficients by tensoring with a larger Novikov field. Namely, if T' is any subgroup of R 
containing both T and the various £(x,), then C ®fji,r A^'^ acquires in an obvious way the structure 
of a finite-dimensional filtered A*^'^ -vector space (define the function i by the same formula as in 
(fT6l ). with the A, now allowed to vary in A^-^ rather than just A**-'^), which is standard by the 
preceding paragraph. 

Proposition 7.3. Let{C(^,iQ) and{Ci,i{)be finite-dimensionalfiltered K^'^ -vector spaces, letA: Q -^ 
Ci he a K^'^ -linear map, and let x e [ImA] \ {0}. If T < Y', consider the coefficient extension 
A® I: Cq (g^i^.r A^'^' -^ Cj (g^^.r A*^'^'. Then 

mi{ioiy)\y e Q, Ay = x] = mi{ioiy)\y ^ Q ®AK,r a'^'^', (A® l)y = x}. 

In fact, for any y e Q^A^.r A^-^' such that ^ (A(gl)y e Ci, there is Jq ^ Q ^"ch thatAyQ = (A®l)y 
and toiyo) < loiyl 

Proof Since, via the inclusion Q ^-> Q ®^ks A^-^ , the set on the left hand side is contained in that 
on the right, the inequality ">" is trivial. The last sentence of the proposition would clearly imply 
the reverse inequality, so it remains only to prove the last sentence. 
For i = 0, 1 let Zj, . . . ,z|^ be orthogonal bases for Q. Also define 




^A^^'^' 



(a„ # 0) ^ g ^ F 



Thus S is an additive subgroup of A^-^ , and moreover is a vector space over A*^'^ (as we have 
A^'^ -5 = 5), with A^'^' = A*^'^ ® S as Aj^ p-vector spaces. For i = 0, 1 let 



;=0 



We thus have 



Q(8iAK,r A^'^' = C,eD;. 



Now since the map A is A'^'^-linear, we see that 

(A(8)l)(Co)<Ci and (A® l)(Do) < Di. 

So suppose / X e Cj and y e C 0f^K.r A^-^ with (A® l)y = x. We can then write y = yo + y' with 
Jo e Cq and y' e Dq. But then since x e Cj we must have Ajq = x and (A® l)y' = 0. Moreover 
one easily sees that ioiy) = max{£o(yo)j^o(y')}. and so ^oCjo) — ^oCj); ^s desired. D 
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Proposition 7.4. Let {Cq,Iq) and (Q,£]^) be two finite-dimensional filtered A'^'^ -vector spaces and let 
A: Cq —* Ci be a not-identically-zero A'^-^ -linear map. Then there is jg ^ Q such thatAyQ 7^ and 

£o(yo) - ^(^Jo) = mf{^o(y) - iiiAyo)\y e Cq, Ay = Ajq} 

= sup inf{£o(y)-^iU)|yeCo,Aj = x}. 

x€(/mA)\{0} 

Proof Step 1: We prove the proposition in the special case that (Co,£o) ''"'^ (^1,^1) cire both standard. 
In this case we may as well assume that, writing A = A^'"^, we have {Cq,Iq) = {A'",—v) and 
(Ci,£i) = (A",-v). 

In this case, let r be the rank of A, and use Lemma |4l4l to find an orthonormal basis {y^, ...,y^} 
for A"" such that { j,.+i, . . . , y^} is an orthonormal basis for kerA (namely, first choose {jr+i- • • • > Jm} 
as an orthonormal basis for kerA, and then extend it to an orthonormal basis for all of A™). Also, 
let {xi, ...,x,.} be an orthonormal basis for ImA. Thus for some invertible r x r matrix P over A 
we have Ayj = 2i^=i Pij^t for j = 1, . . . , r, and Ayj = for j > r. Now define B : ImA -^ Q by 

r 
i=l 

Thus 

ABxj = Xj {!<]< r), BAyj = y^ (1 < j < r), and BAyj = (j > r). 

So for any x e ImA, the elements y such that Ay = x are precisely those of form y = Bx-\-y' 
where y' e kerA. Since Bx e span{yi, ...,y^}, the orthonormality of our basis for A™ shows that 
v(j) < v(-B-x:), i.e., that £o(y) — ^o(-B^). Consequently we have, for any x e (/mA) \ {0}, 

£o(Bx) - £i(x) = inf{£o(y) - Ux)\Ay = x}. 

Now ii X = Xiv=i ■^;^j is ^riy nonzero element of ImA we have, using the general facts that 
v(A/x) = v(A) + v(/i) and v(A + //) > min{v(A), v(/x)} for A, /x e A, 



fcj, 



= niinv(Aj) - min V Y,^[.P-^^,0\ 

< minv(Aj) - minv((p-i),,AJ = minv(Aj) - min(v((p-i),^ + v(A,))) 

< minv(A,) — minv((P~^);;t) — minv(A^) = — minv((P~^);(.). 

; i,fc k i,k 

Thus, if we choose Iq, fcg such that v((P~^); k) = ^^^i,k v(.(,P~^)ik), we have 
(17) sup UBx) - l,ix) < -viip-\^^). 

x€(JmA)\{0} 

On the other hand, if we let x = x^ , we have Bx = 2iC^~')i/c J; ^nd so v(x) = while 
v(Bx) = min, v^p-^l^^ = viip-\^^). Thus 

UBx) - £i(x) = v(x) - v(Bx) = -v((p-i),„,J ( if X = x^„). 

Thus setting Jq = Bxj^ , so that x^. = Ayg, we have that 

^o(yo)-^(^Jo)= sup inf{£oiy)-toix)\Ay = x}, 

xeOmA)\{0} 

proving the proposition in the case that the (Ci,£i) are standard and thus completing Step 1. 
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Step 2: We deduce the general case from the proof of Step 1. As noted just before Proposition 
17.31 for a suitable group P' < T, where A' = A^'^ it will hold that the filtered A'-vector spaces 
Cq = Co ®A A' and C[ = Cj 18)^ A' are both standard. 

Step 1 and its proof provide a A'-linear map B : Im{A® 1) — » Cg with the properties that: 

• ABx = X for all x; 

• For all nonzero x, we have 

(18) £o(B^)-^iW = inf{£o(y)-^iWlyeC;,(A®l)y = x}; and 

• There is a nonzero Xq e Im{A® 1) such that 

(19) £o(B^o)-^i(^o)= sup £o(B^)-^iW- 

0^xeIm(A<gil) 

Now we can write 

N 

Xo=Y^TS'Xo^i 

[=1 

where Af g N U {00}, each g; belongs to a distinct coset of F in F', and each Xq^ g 7mA (write Xq 
as a A'-linear combination of elements from a A-basis for /mA, and then group terms according to 
the cosets of their exponents). Using that the g, all belong to different cosets, we have 

£i(xo) = max£i(r'^'Xo_;) = max(£i(xo_,) - g,). 

Meanwhile, in principle it may not hold that Bxqi e Q, but it still follows from obvious properties 
of £0 that 

ioiBxo) < maxtoiT^'Exo^) = max(^o(B^o,i) - gi)- 

i I 

Now choose a value of i, say ig, for which UoC^^o,;) ~ 8i) is maximized (in particular this implies 
B^o.io 7^ ^' since loiO) = —00). We then have 

toiBxo) - iiixo) < (^o(B^o,,„) - g,„) - m_ax (£i(xo,,) - g,) 

< (£o(-B^o,„) - g J - (^K,„) - gj = UBxo,0 - £i(xo,„). 

But then by ( [T9] l we must have equality throughout the above string of inequalities. In particular 
the nonzero element Xq^ of Q n Im(A0 1) < Cj has 

(20) ^o(B^o,,„) - ^(^o,,„) = inf{£o(y) - ^C^o.Jlj e C'„ (A® l)y = Xo,,„} 
and 

fo(Bxo,,„)-£i(xo,,„)= sup £o(B^)-^(^)- 

07^xe/m(A®l) 

While Bxqi might not belong to Q, Proposition |7.3| finds Jq e Q such that Ajq = Xq^ and 
^oCjo) — ^o(.BxQi ) (and so ^oCjo) = ^0(^^0,1 ) by ( |20]) ). This element Jq is easily seen to satisfy 
the requirements of the theorem: using Proposition [7J3] we have 

^o(jo)-^(Ajo) = inf{£o(j)-^(Ajo)ly e Q, Ay = Ayol = inf{£o(j)-^(Ayo)ly e C'^, (A®l)y = Ajq}, 



and 
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Uyo)-l,(_Ayo)= sup io[Bx)-l,M 

0^x€lm[Am) 



= sup inf{£o(y)-£iW|jGC;, (A®l)y=x} 

0^x€lm(Am) 

> sup inf{£o(j)-£i(x)|yGC^,(A®l)j=x} 

O^xelmA 

= sup mi{ioiy)-liM\y&CQ,Ay=x], 

O^xelmA 

SO since £o(yo) ~ ^i(Ajo) belongs to the set over which the supremum is taken in the second-to-last 
expression we must have equality throughout. D 

Remark 7.5. Step 2 of the proof of Proposition 17.41 shows that, if A = A*^'^ and A' = A*-'^ where 
r < r', and if A: Q ^ Cj is a nonzero A-linear map between two finite-dimensional filtered 
A-vector spaces, then writing C'^ = Q 0^ ^' we have 

sup inf{£o(y)-£iU)|yeCo,Aj = x}= sup inf{£o(y)-£iU)|y e C^, (A® l)y =x}. 

x!ElmA\{0] x€lm(Am)\{0} 

This leads to the conclusion that the boundary depth is unaffected when we extend coefficients by 
passing to a larger Novikov field. 

8. Tensor products 

Let (C,^c) and (I',^^) be two finite-dimensional filtered A-vector spaces, with orthogonal bases 
{xi, . . . , x„} for C and {jj, . . . , y„} for D. These data then induce the structure of a finite-dimensional 
filtered A-vector space (C 8^ D,£®) on the tensor product, via the formula 

(21) £« lY,X,^x,®y^ =max(£cU,) + ^(j,)-v(A,,)). 

This construction is canonical in the following sense: 

Lemma 8.1. The definition of the fiinction i^ : C 8^ D ^ R U {—oo] from (1271 ) is independent of the 
choice of orthogonal bases for C and D: namely, if {wi,...,w^} c C and {zi,...,z„} c D are any 
other choices of orthogonal bases it continues to hold that 

(22) £® ^/i,jw, ® Zj = max (£c(i^,) + ^d(Z;) - v(m,;)) • 

Proof By symmetry it is enough to just consider the effect of changing the orthogonal basis for C; 
thus we are to prove that £® (^Xi,,j l^ij^i ® Jj) = max^j (^cC^,) + ^oCyj) - v(/i,j)) if {wj, . . . , w„} 
is a different orthogonal basis for C. 

We first extend coefficients: choose F' < K to be a subgroup containing both T and each of the 
£(x;) (hence also each of the £(w;)), and write A' = A^'^ . Continue to denote by 1(^,1 jj,i'^ the 
obvious extensions of these functions to, respectively, C' = C ®iy A', D' = D i^^^ A', and C' g)^/ D' 
{i.e., we just allow the A; or A^ in the defining formulas to vary in A' rather than A). 

With these extended coefficients, 

{T^ci«i)w^, . . . , T^c(.«„,)wj and {r^^^^i^Xj, . . . , T^^^''-"^xJ 
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are orthonormal bases for C'. Denote by iV e GL^(A') the basis change matrix for these orthonor- 
mal bases, i.e. the matrix such that 

k 

It follows easily from Lemma \4A\ that N has the form N = Nq + N_^ where JVg e GLJ^K) and all 
entries of JV+ belong to A^ = {A e I\'\v{X) > 0}. From this it follows that 

(23) for any «!,..., a,„ e A', minv > ^ffc/Ct; =minv(a;t)- 

We then have, for any /x,^ e A, 

= niax| £c(x,) + £o(y;)-v f TW-^^Xi^^'^"''^"''^) ) 

= max I £c(xfc) + ^oCy^) - £c(^J - v I ^i^fc. r"''^'"'' Vo" 1 J 

= max I £o(y^) - mm v I ^JV,, T-^-f-' V,; j J 

= max [iDiyj') - min v(r-*c("'*Vfcj)') = max (foCj;) + id^k) - vil^kj)) , 

as desired, where the penultimate equality uses (|23T ). D 

This has the following useful immediate consequence: 

Corollary 8.2. Let {wi,...,w,„} and {zi,...,z„} be any orthogonal bases for the finite- dimensional 
filtered A-vector spaces {C,Iq) and (D,££,). Then {w, ® Zj|l < i < m, 1 < j < n} is an orthogonal 
basis for {C (8i/^D,l^\ and £®(w,- ®Zj) = ^cCWiO + ^dCzj). In particular, if the bases {wj and {z^} are 
orthonormal then so is the basis [w^ ®Zj}. 



Proof Indeed, this follows directly from the formula (122]) . D 

Definition 8.3. If (C,£) is a finite-dimensional filtered A-vector space and Ui,...,U^ are subspaces 
of C, we say that !7j,...,[/^ are mutually orthogonal (or that t/j is orthogonal to U2,...,U^) if 
whenever u,- e (7, for 1 < i < r we have 



Y^uA=max^u,. 



Remark 8.4. If there is an orthogonal basis ^ = {Uj} for C such that the various subspaces [/; 
are spanned by disjoint subsets of SS, then the U^ are mutually orthogonal. In the case that C is 
standard it follows straightforwardly from Lemma 14.41 that the converse holds; however I do not 
know if the converse still always holds when C is not standard. 
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In general, if (E,£) is a finite-dimensional filtered A-vector space we obtain a filtration on E by 
setting 

£^ = {eeE|£(e)<A}. 

If £ admits a A-linear map d : E ^ E such that 5^ = and d{E^) < E^, this gives E the structure of 
an K-filtered complex over K in the sense of Definition [STT] (with, for simplicity, the grading being 
given by a 1 -element set). We thus have the boundary depth 

KE,d) = mi{p > OKVA e K)(£^ n Imd) c 3(£^+'')}. 

It is easy to check that 

(24) i,(^E 5) = I '^"P^e/mS\{o} inf{^(y) - ^(x)|5y = x} if 3 / 0, 

So now suppose we are given two finite-dimensional filtered A-vector spaces (C,£c) and (I5,£o) 
which are chain complexes, with A-linear operators 5^ : C ^ C and S^, : D —> D such that 5^ = 
3j^ = and 5c(C^) < C^ and 5^(1)^) < D^. 

Our aim is to compare the boundary depth of the tensor product complex C^^D to the boundary 
depths of C and D. For simplicity we will make the minimal assumptions on C and D necessary to 
get a natural chain complex structure on C ®a D; namely we assume that either: 
(i) The characteristic of the field K underlying the Novikov field A^'"^ is 2; or 
(ii) C has a Zj grading, i.e., we have C = Q © Q where Q and Q are orthogonal A-linear 
subspaces, and ScCQ) < Q and 3c(Co) < Q. 
Define a A-linear map (—1)'': C ^ C by setting it equal to the identity in Case (i) above, and 
in Case (ii), setting (— l)'''lc equal to 1 and (— l)'''lc equal to —1. Given that Q and Q are 
orthogonal, it is clear that £^(("1)' 'c) = ^c(c) for any c &C. 
Ii we define 

by 

5® = 5c (8> Id +(-!)'•' ®3o, 

then one has d^od^ = in either of the above two cases, and moreover d^{{C®^D)^) < {C®^Dy- 
where the filtration on C ®f^D is that induced by £®, so we may consider the boundary depth 

Theorem 8.5. Under the above circumstances: 

(a) h{C®i,D,d^)>mm{h{C,dc)MD,do)}. 

(b) If the homology H^D, do) is nonzero, then biC0j^D,d®) > b[C,dc); and if H(,C,dc) is 
nonzero, then b(C (g^ D,d^)> b(D, 3d). 

Proof By enlarging the Novikov field A, we may arrange that C and D (and hence C 0^ D) admit 
orthonormal bases and so are standard; by Remark [775] this will not affect the boundary depths. So 
assume that C and D are standard. (In the Zj -graded case this also implies that Q and Cj are each 
standard, as they admit orthonormal bases by Lemma IT4l ) 

Also, the theorem is straightforward in the case that one or the other of the differentials d^ and 
3d is identically zero, so we assume that both of them are nonzero. 

Now using Lemma \AA\ we may choose an orthonormal basis {xi,...,x^} for Imd^; then ex- 
tend this to an orthonormal basis {xi,...,x^,x^^i,...,x^} for ker3c; and finally extend this to an 
orthonormal basis {xi,...,x^} for all of C. In the Zj -graded case, since Cq and Q are assumed 
orthogonal, this may be done (and we assume it is done) in such a way that each x, belongs either 
to Cq or to Cj. Likewise, choose an orthonormal basis {zi,...,z„} for Imdj^; extend this to an 
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orthonormal basis {z^, . . . ,2^} for kerd^ and subsequently to an orthonormal basis {z^, . . . ,z„} for 
all of D. Write 

B^ =spanf^{x^,...,xj B^ =span^{z^,. . . ,Zp}, 

H^ =span^{x^+j^,...,x,} H'^ =span^{Zp+-^,. . . ,Zq}, 

F^ =spanf^{x,+^,...,x^} F° = spanf^{z^+^,...,z,^}. 

In the Z2-graded case, since the x, are all chosen to belong either to Q or to Ci, the spaces B'^, 
H'^ , and F'^ are all preserved by the operator (—1)'' : C ^ C. 

Thus C = B'^ ® H'^ ® F'^ ; the subspaces B'^,H^,F'^ are mutually orthogonal; and 5^ maps F'^ 
bijectively to B*^ with kernel B'^ ® H^ . Also, if x e B'^ then the unique element y of F^ with the 
property that dcj = x obeys 

iciy) - icM = miciy') - icMldc/ = x], 

for if d^y' = x then y' — y & B^ ® H^ and so by the orthogonality of B'^ ,H^ , and F^ we have 
^c(yO = niax{£c( j),^c(y' - j)} ^ ^c(y)- Of course, similar remarks apply to B^ ,H^ , and F''. 

By Corollarv l8.2l the set {x; ®Zj\l <i<m,l < j <n} forms an orthonormal basis for C 0^ D. 
Consequently we have an orthogonal decomposition (where all tensor products are over A) 

C®D= ((ker ^c) ® (ker 5^)) e (F'^ B^) (F'^ ® H^) (B^ « F^) (H<^ » F^) (F'^ ® F^). 

Furthermore, it's easy to see that 

ker5® < ((ker^c)® (ker^o)) 0(F<^ ®B^)e(B'= (giF^). 

In particular, 

(25) the subspaces ker 5®, F^ » F^, F'^ H^, and H*^ F^ are mutually orthogonal. 

Since we assume that 9^ and d^ are both nonzero. Proposition [7]4] and ( [24] l show that there are 
nonzero x e B'", z &B'^ such that 

b(C, 3c) = inf{£c(w) - lcix)\dcw = x] and b(D, 5^) = inf{£o(j) - ^(z)|5^y = z}. 

Moreover, as noted earlier, if we choose w e F'' to be the unique element of F'" with d^w = x, then 
by the orthogonality of F^ and kerS^, w has the infimal filtration level of all primitives of x, and 
so 

£c(w)-£c(3cw) = /3(C,3). 

Similarly, if y e F^ is chosen as the unique primitive of z which belongs to F^, then 

^(j)-^(3i,y) = /3(D,5). 

Noww(8)y &F'^®F'^, and F'^^F'^ is orthogonal to ker 5®, soif aeker5® then£®(w(8)y + a) > 
£®(w(8) j). Thus, 

inf{£®(^)|a«/3 = 5«(w ® y)} = £«(w ® y) = £c(w) + l^iy) 

where the last equality follows from expanding out w and y in terms of the orthonormal bases {xj 
and {yj} and using Corollarv l8.2l Also, using that B'' <S> F^ is orthogonal to F*^ ® B'', we have 

£®(a®(w (g) y)) = £®(x (8) y + (-l)llw ® z) 

= max{£®(x®j),£®((-l)l-lw®z)}=max{£c(x) + £B(y),£c((-l)'''M') + ^(z)} 
= max{£c(x) + £x,(y),£c(w) + £z)(z)}. 

(In particular 5®(w y) 7^ since w,x,y,z are all nonzero.) 
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Thus 

inf{^®(^) - £®(5®(w ® y))|5®^ = 3®(w O y)} = £®(w (g y) - £®(5®(w (g y)) 

= IcM + loiy) - maxUcM + loiyHcM + ioiz)} 

= min{£c(w) - icMAoiy) - ^(z)} = min{b(C, dd b{D, dj,)}. 

In view of ( f24l ) this proves part (a) of the theorem. 

Now assume that H[D,du) / 0, which is equivalent to the subspace H^ < D being nonzero. 
Choose a nonzero element z of H^, and let w e F*^, x e B'' be as above, so that dw = x and 
b(C,3c) = £c(M')-^c(^)- Then5®(w(8)z) = x®z; further since wOz Gf^ igiH^ and F'^OH^ is 
orthogonal to kerS® we have 

£®(w (8> z) = inf{£®(/3)|3®^ = x z}. 

Hence 

inf{£®(^) - £®U ® z)|5®/3 = x Oz} = £®(w (8>z) - £®(x (g z) 

= UcM + £d(z)) - (£cU) + ^(z)) = KC, del 

which proves the first statement of part (b) of the theorem. 

The second statement of part (b) is of course proven in essentially the same way, taking appro- 
priate account of signs: if C has nontrivial homology, so that H'^ ^ 0, choose a nonzero element 
X e H'^, and as before choose y e F°, z e B^ so that d^^y = z and Ijjiy) - £d(z) = b[D, 5^). Then 
X y e H*' ig F^, which is orthogonal to ker 5®, and 

£®(a®(x ® j)) = £®((-l)Hx ® z) = £c((-l)'-'^) + ^dW = icM + £b(z), 

so we get as before that 

b(C ®A D, a®) > £®(x ® y) - £®(a®(x ® y)) = l^iy) - l^^z) = h{D, 3^ 

D 

9. Finite diameter for S^ in R^ 

In this section we prove that, where Lq = {(x,y)|x^ + y^ = 1} c K^, Hofer's metric 5 on 
the space if (Lq) of Lagrangian submanifolds Hamiltonian-isotopic to Lq has finite diameter. The 
argument is fairly simple and perhaps known, but I have not been able to find it in the literature. 

Lemma 9.1. let Lj, I2 e ^(io) be such that Lq n L^ = Lg ^ I.2 = 0- Then 5[Lq, Lj) = 5(Lo, ^2)- 

Proof. We repeatedly use the following immediate consequence of the invariance property of 5: for 
ip G Ham(K2) and for L, L' e if (Lq) such that ipiL) = L, we have 5{L, L') = 5(L, ip{L')). 

Given Lj, L2 as in the lemma, let (p e Ham{M^) be such that (p{L{) = 12- Let R e M be so large 
that, where D{R) = {x^ +y^ < R^}, we have 

LiUL2U(5upp(</)))cD(R). 

Let 

L(R) = {(x-R-l)2 + y2 = l}. 

Since L(i?) is disjoint from the support of (p we have 

(26) 5(Li,L(R)) = 5(L2,L(i?)). 

Now for i = 0, 1,2, let V^ denote the bounded component of K^ \ L;, and let W^ denote the un- 
bounded component. Thus in each case V^ has area n, and V; = K^ \ W;. Since Lq n Lj = 0, Lq n Vi 
and Lq n Wi are both relatively open and closed in Lq; hence by the connectedness of Lq either 
Lq c Vj or Lq c Wj . 
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We claim that Lq c W^. If this were not the case, so that Lq (ZV-^, then since M^ = Vq U Lg U ^o 
and LqHWi = 0, Wi would be the union of the disjoint open sets Wj n Vq and W^ n Wq; by the 
connectedness of Wi and the fact that Vq is bounded while Wj is unbounded it would follow that 
Wi c Wq, and hence that Vq (z V-^. So since SVq = Lq cz Vi we would have Vq c Vi, and hence a 
neighborhood of Vq would still be contained in Vj . But since Vq and Vj are open sets of equal area 
this is impossible. This contradiction shows that indeed LqZWi. 

Hence Vj is the disjoint union of the open sets Vj n Vq and Vj n Wq. As before it is impossible 
for Vi c Vq by area considerations, so since V^ is connected V^ c Wg, and so V^ n Vq = 0. Thus 
^0 = ^0^ Vq is disjoint from V\, and so VqZWi. Of course the same argument shows that Vq c Wj. 

Write ViR) for the bounded component of R^ \ L(R); since V[R) n D(R) = we have V[R) c W; 
for 1 = 1,2. Since also Vq czWi, it in particular holds that the points (1, 0) and (R, 0) belong to the 
unbounded component W, of R^ \ L; for i = 1,2. So for i = 1,2 let jt be a path in W, connecting 
(l,0)to(R,0). _ 

Since Vg U f; U V[R) c W, and W, is open, we may take a neighborhood t/, of Vg U 7; U V(R) 
with still Ui c W; . It is then straightforward to find a Hamiltonian isotopy supported in [/; whose 
time-one map 0; has the property that ^i(Lo) = -f'(^)- In particular since the support of the isotopy 
is disjoint from L; we have </>;(!.;) = L^. Consequently 

(27) 5ao,iJ = 5(L(R),Lj (1 = 1,2). 

Thus by ^^ and ([271) we have 

5(Lo, Li) = saw, l{) = saw, I2) = 5^0, L2I 
as desired. D 

Corollary 9.2. Choose any L^ e ^(Lq) ^"ch that Lg 1^ ^i = 0- Then for all L,L' e ^(Lg) w^e have 

5(L,L0<25(Lo,Li). 

Proof. By the invariance of 5 we may assume that L = Lq. By applying a sufficiently distant 
translation to Lq we may find L2 e if (Lg) so that LqCi L2 = L' r\L2 = 0. By Lemma \9A] and the 
invariance of 5 we have 5(Lg,L2) = 5{L',L2) = 5{Lq,Li). Thus 

5(Lo, L') < 5(Lo, L2) + 5^2, L') = 25{Lq, L{). 

D 

Using Chekanov's theorem fChPSl] and Lemma 19.11 it is easy to see that the common value of 
5(Lg, Lj) for all Lj e -^(ig) which are disjoint from Lq is precisely n. Thus we have shown that 
the diameter of if (Lg) is at most 2?!. 

Appendix A. Transversality for t-iNDEPENDENT Floer trajectories 

This appendix provides the details necessary for a technical point in the proof of Theorem 15.61 
namely that a t-independent solution of the Floer equation associated to suitable t-independent 
almost complex structures and Hamiltonians can be arranged to be cut out transversely by slightly 
rescaling the Hamiltonian. We begin with some preparation from linear algebra. 

Throughout this section let V be a finite-dimensional real inner product space. The norm of a 
linear operator on V (or on V ® V) will always refer to its operator norm with respect to the inner 
product. Define the linear map E: V ®V ^V ®V hy 

X \ _ f —X 

y )~\ y 
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Proposition A.I. Let 81,82'. V —> V be symmetric linear operators and define a linear operator 
8: VeV^VeVby 

y j~[ B2X + 8,y 

Then for all real fj, with |/i| < .. .... .. the operator E + ^8 has precisely (dim V)-many posi- 
tive eigenvalues and {dimV)-many negative eigenvalues, counting multiplicities. Moreover where 
n+(/x), n~(/i,): V ®V —> V ®V denote the orthogonal projections onto the spans of those eigen- 
vectors with, respectively, positive or negative eigenvalue, nj and Ug are real analytic functions of the 

parameter f,^[-^^^^^,^^^^^. 

Proof Note first that for any /x e C, all eigenvalues A of the operator E -\- fxB (acting on the 
complexification of V ® V) obey 

(28) |A| + |mI(||BiII + ||B2II)>1 

Indeed, an eigenvector I j of E + /xB with eigenvalue A will have 

J181X + n82y = X -\- Xx 
/xBjX + /xBjy = -y + Ay 

If 1 1 -^11 — llyll then the first equation above yields 

|Ml||B2||||x||>|Ml||B2||||y||>(l-|A|-|Ml||Bi||)||x||, 
while if ||x|| < ||y|| then the second equation above yields 

lMll|B2llllyll>lMll|B2lllkll>(l-|A|-W||Bi|D||y||. 

Since either ||x|| > ||y|| and ||x|| is nonzero, or else ||x|| < ||y|| and ||j|| is nonzero, after dividing 

one or the other of the above inequalities by ||x|| or ||y||, as appropriate, we obtain (|28]) . 

In particular it follows from (|28T | that none of the operators E + fx8 with |m| < ..„ /,,„ .. has 

II01II+11D2II 
zero as an eigenvalue. Of course, if we restrict 11 to be real, then the £ + /xB are all S5mimetric 

operators and therefore have entirely real spectrum. For /i = the spectrum oi E-\-fj,B = E consists 

of the eigenvalues —1 and 1, each with multiplicity dimV. As /i varies through the open interval 

I — ii„ iAi„ II , ..„ /ii„ II ), since none of the eigenvalues of £ + uB cross zero it follows from conti- 

V llJ'ill+llB2ll llBill+lli>2ll y 

nuity considerations that the total dimension of the negative eigenspaces of £ + /iB will continue 
to be dimV for real /x with \n\ < „„ /,„ „ , and likewise for the total dimension of the positive 

IBill + IIBjl 

eigenspaces. 

It remains to prove the assertion about the analyticity of the projections n^ (/x) as functions of 
/x. Denote the image of U'^ifi) by W±(/x) (so W_(/x) is the span of the eigenvectors having negative 
eigenvalue, and W+(/x) is the span of the eigenvectors having positive eigenvalue). Since £ + /xB 
is (for real /x) S5mimetric, eigenvectors corresponding to distinct eigenvalues are orthogonal, and 
so W+(/x) is orthogonal to W_(/x). Thus the orthogonal projections n^(/x) are just the projections 
associated to the direct sum decomposition V ® V = W+(/x) ® W_(/x). The desired conclusion now 

follows from a standard argument found, e.g., in ||Ka76[ II.1.4] : given /Xq e (-j^r^nr^, „„ uLr n )' 

V l|i>lll + l|i>2ll l|J'lll + l|J'2lly 

choose contours Cj^ in the complex plane disjoint from the eigenvalues of £ + /XgB such that C_,_ 
encloses precisely the positive eigenvalues of £ + /XqB and C_ encloses precisely the negative eigen- 
values of £ + /XqB. Then for /x sufficiently close to /Xq it will continue to hold that C^ encloses 
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precisely the positive eigenvalues of £ + /xB and C_ encloses precisely the negative eigenvalues of 
E + ^B, and where / denotes the identity the projections in question are given by the formulas 

nj(/i)=--^ {E + ^B-zir^dz, n;(M) = --^ [E + ^B-zir^dz. 

2711 J^^ 27IlJ^ 

These expressions for n^ are manifestly analytic in /i. D 

Proposition A.2. Let Bi,B2 : K -^ Hom^(y, V) be two continuous maps such that there exist T > 
and symmetric linear operators Sf ,B^ with B;(s) = B'^ for s > T and B^s) = B~ for s < —T. Let 
Tjo > max{||Bj"|| + WB'W, ||B+|| + ||B+||L and define B:R^ End^V V) by 

nr^^f ^ Vr B,is)x+B2is)y 
I y J~[ B2is)x+B,is)y 
Then the set 

There is a nonzero solution v e Vy^'^(]R; V ®V) to 



S^ =\ri& [7]o,oo) 



f^ + (r,E + B(5)Ms) = 



is finite. 



Proof First we show that S^ is bounded above. For i = 1,2 write ||B;|| = sup^ ||B,(s)|| (since the 
B, are continuous and asymptotically constant this supremum is of course finite) and let tj;^ = 

ll^ill + llBjII- Suppose that v(s) = j r \ ] (where x,y: K ^ V) is a nonzero class-W^'^ solution 



dv 

1 d 



to ^ + {r]E + Bis))vis) = 0. One then has 



-:rll^^^)ll' = ^ll^Wf - (x(5),Bi(5)x(5)> - (x(s),B2(5)y(5)) 

2 ds 

— lljWf = -T)||y(5)||2 - (y(s),B2(5)x(5)> - (j(5),Bi(5>(5)) 
2 05 

which yields 

(29) ^ (Ms)f - \\yis)f) > 2(7, - r,i)(||x(s)||2 + ||j(s)f). 

ds ^ ^ 

Of course, by the uniqueness of solutions to linear ODE's and the assumption that v is nonzero, we 

have ||x(s)|p + ||y(5)|p > for all 5. Now assume for contradiction that the number 17 associated to 

our solution obeys 17 > 171. Then ( |29] ) implies first that if at any Sq e K we had ||x(s)|p > ||y(s)||^, 

then for s^ slightly larger than Sq we would have ||x(si)|p — ||j(5i)|p > 0. But then another 

application of ( [291 ) implies that f[s) = \\x{s)\\'^ — ||y(5)||^ obeys the differential inequality f\s) > 

2(17 — 'qi)f{s), which since /(s^) > and 17 > 171 would force /(s) to diverge to 00 as 5 ^ 00, which 

is obviously incompatible with v being of class W^-^. Thus we have the desired contradiction unless 

lly(5)lP > l|x(s)|p for all s. But in this case g{s) = ||y(s)|p — ||x(s)|p is an everywhere-positive 

function obeying the differential inequality gXs) < —2(17 — i7i)g(s), which forces g to diverge to 

00 as 5 ^ —00, again contradicting the assumption that v was of class W^'^. This contradiction 

shows that if 17 > 171 then no solution of the relevant type can exist, proving that the set 5^ in the 

statement of the theorem has 5^ c [170,171]- 

Our strategy now will be to identify 5^ with the intersection of the zero loci of a collection of 

real analytic functions defined on [tjq, 00). These functions obviously will not all be identically zero 

since we have already estabhshed that 5^ c [170, 171], so since the zero set of a nonconstant analytic 

function on a connected subset of R is always discrete, the proposition will follow from such an 

identification. 
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Where B+ e EndiV © V) is the common value of B(s) for all s>T, and B~ e End(y © V) is the 
common value of B[s) for all s < —T, the operators B"^ are of the type considered in Proposition 
lA.ll and our choice of the parameter rjo ensures that, for all ji in an open interval containing 
[0, — ] the symmetric operators E + ^B"^ have the property that the orthogonal projections n~ (/x) 
onto the spans of their negative eigenspaces vary analytically in /i and have rank dim V, while the 
projections nj (/i) onto the spans of their positive eigenspaces also vary analytically in fj, and have 
rank dim V. 

Now for T) > Tjo the differential equation 

dv 
(30) — +(t}E + B(s))v(s) = 

ds 

reduces for 5 < —T to the autonomous equation -j- + (tjE + B~)v[s) = 0, and for s > T to the 
autonomous equation ^ + [rjE + B'^)v(_s) = 0. Any W^'^ solutions to dSOJ) must have v(— T) 
belonging to the span of those eigenvectors of r]E + B~ with negative eigenvalues, and must have 
v(r) belonging to the span of those eigenvectors of tjE +B"'" with positive eigenvalues. In other 
words, a W^'^ solution to (|30T ) defined on all of ffi must have v(-r) g ImiU~ (17"^)) and v(r) e 
/m(n+(r}-i)). 

Denote by $^ : K ^ GL{V ® V) the unique solution to the initial value problem 

— + ir]E + Bis))^[s) = $(-r) = / 
ds 

where I is the identity. Thus $^ is the fundamental solution to ( |30]) in the sense that any solution 

V : R ^ V © \/ to dSO]) will have v(s) = *(s)v(-r) for all 5 e K. Thus any solution to dSO]) which is 

of class W^'^ will have v(-r) e /m(n- (tj-1)), v(T) g /m(n+ (t)"^)), and v(r) = $^(v(-r)). As 

such, we will have 17 e 5^ if and only if the images of the linear maps ^^ o n~ (17"^) and n^ (17"^) 
have nontrivial intersection. Said differently, since the image of Eg (17"^) is the same as the kernel 
of n^ (17"^), we have 17 e 5^ if and only if the linear map Ylg (17"^) o $^(r) o Ylg (17"^) has rank 
strictly less than dim V. BvProposition lA.il the maps njT (17"^) and Ej^ (17"^) both vary analytically 
with 17 e [rjo, 00); let us now check that "i'^(r) varies analytically with 17. 

Indeed, this follows readily from the standard Picard iteration formula for $^ : we will have 
00 f 
^^iT) = I+Y, (rj£+B(si)Xi7£ + B(52))---(rj£+B(5j)ds„---dsi 

n=i J{-r<s„<-<si<r} 

00 /^ n A 

n=0 \m=0 J 

where Q oC^) = / and for < m < n and n > 1 

C^.ni^)= Xi £'^-iB(5,^)£'^-'^-iB(5,^)---B(5,j£"-'"-d5„---dsi. 

l<ii<-<i„<nJ{-r<5„<-<Si<r} 

Now the fact that {—T < 5„ < • • • < Sj < T} has volume ^— p- (along with the fact that ||E|| = 1) 
gives an estimate 

fn\(2Tj\\Br 

(31) iic^,„mii< 

ymj n\ 
From this estimate one easily sees that for any fc > the series Xim=o^m,m+Jc(7') is absolutely 
convergent to an operator having norm bounded above by e^^H^H^^j^, and that our above series 
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expression for $^(r) can be rearranged to give 

00 /^ 00 \ 

k=o \m=0 J 

moreover, another application of (|3T1) shows that this power series in 17 has infinite radius of con- 
vergence, confirming the analyticity of $^(r) as a function of 17. 

Thus, if we fix a basis for V ® V and represent the rj-dependent linear map n^^ (tj~^) o *^(r) o 
n^ (tj~^) by a matrix with respect to the fixed basis, this matrix will vary analytically with 17 e 
[170,00), and our set 5^ will consist of those 17 such that all (dimV) x (dimV) minors of the matrix 
are zero. This confirms that 5^ is the common zero locus of a collection of analytic functions of 
17 e [tjo, 00), so since 5^ is bounded it must be finite. D 

We now apply these results to Floer theory. Let (M, co) be a closed 2n-dimensional symplectic 
manifold and let G : M ^ R be a Morse function, which we will assume to have the property that 
around each critical point p e Crit[H) there is a Darboux chart 0^ : Up = B^"(e) such that the 
second-order Taylor approximation to G o (j)~^ is exact. (In other words, the Hessian of G o (^"^ is 

constant on B^"(e).) Shrinking the Up if necessary, we may assume that (7^ n [7^ = for each pair 
of distinct critical points p and q. Let J be an a)-compatible almost complex structure on M having 
the properties that 

(i) On each of the Darboux balls Up, J coincides with the pullback by (pp of the standard 

complex structure on B^"(e). 
(ii) Where gj{-, ■) = w(-, J-) is the Riemannian metric induced by co and J, the gradient flow 
of G with respect to gj is Morse-Smale. 
Of course, all of the above conditions will continue to hold if G is replaced by AG for any A > 0. 
The almost complex structure J satisfying (i) and (ii) will be fixed throughout the following 
discussion, and we will use V to denote the covariant derivative determined by the Levi-Civita 
connection of the metric gj . 

Consider a solution y: M ^ M to the negative gradient flow equation 

(32) r(s) + ^G^ris)) = 

obeying the finite energy condition J_ ||7(s)|P ds < 00. For any such y there are critical points 
p± G Crit[G) such that 7(5) -^ p± exponentially quickly as 5 ^ ±00. As is well-known, the Morse- 
Smale condition is equivalent to the statement that for any such y the linearization ^^ : W^'^(y*TM) ■ 
L^[y*TM) of ( |32]) is surjective, where ^^ is given by the formula 

^,(0 = V,C + VfVG(K5)). 
The solution y to ( [32]) gives rise to a solution 

u^: KxS^ ^M 
Uyis, t) = 7(s) 
to the Floer equation 

8u fdu \ 

(33) —+j^u[s,t))i—-Xaiuis,t))]=0, 

and indeed all finite-energy t-independent solutions to (|33T ) evidently have the form u = u^ for 
some solution y to (|32]) . 

We consider the question of whether the linearization of (|33]) at the solution u^ is surjective. In 
effect we will show that this is in fact the case if the Hessian of G near its critical points is not too 
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large and if G is replaced by AG for a suitable real parameter A which may be taken arbitrarily close 
to 1. More precisely, if 7 is a finite-energy solution to ( [32] ) then for any A > the map j^is) = ^(As) 
will be a solution to the version of ( |32]) obtained by replacing G by AG, and hence we will have a 
solution 

to the Floer equation associated to the Hamiltonian AG. We prove: 



Theorem A.3. Where G and J are as above, fix a finite-energy solution j: R ^ M to A32\l having 
Y{s) ^ p± e Crit(G) as s —* ±00. Assume that the Hessians ^± of G at p^ have operator norms 
||.^|| < n. Then for all but finitely many A e (0, 1] it holds that the linearization 

r T Y 

of the Floer operator w—^-^ +J(M<is, t)) (-^ —Xxu{u{s, t))j at Uy>. is surjective. 

Proof First note that, by virtue of the fact that \\j^±\\ < 2ti, the Fredholm index of the linearization 
■^y ^ is equal to ind{p^) — ind<ip_) where ind denotes the Morse index (see, e.g., ||SZ92| Theo- 
rem 4.1 and Lemma 7.2]); in turn this latter quantity is equal to the index of the linearization 
^^A : W^'^iiY'^fTM) -^ L^((7^)*rM) of the negative gradient flow operator, which is surjective 
by the Morse-Smale condition. So it suffices to show that, for all but finitely many A, we have 
dimker,^y ^ < dimker^j,A. Now any element ( e ker^^A gives rise to an element ^^ e ker.^^ ^ by 
the prescription .^^(5, t) = ^(s) e T^a^^jM = T^ ^^j t^M, and conversely any t-independent element 
^ e ker=^„ is of this form. So for any A e (0, 1], to show that dimker^^, < dimker^^A we just 

r r ' 

need to show that these ^^ are the only elements of ker.^^ ^, i.e., that all elements of ker,^j, ^ are 
t-independent. 

The linearization ^^ ^ is given by for ^ e W'^'^(R x S^;u\TM), 

jf, , ? = V,? + j(r(A5))-i + A(V5VG)(r(A5)). 

1 at 

For A > and for a section a of u*, TM define a section & of u*TM by 

&{s, t) = o"(s/A, t). 
Then where we define ^'^ : W^'^CE x S'^;u*TM) -^ L^(R x S'^;u*TM) by 



we have 



#„^ ? = V,? + A-ij(r(5))-^ + (V5VG)(r(5)), 

'■ at ^ 






V 

Since obviously & is t-independent if and only if u is t-independent, it now suffices to show that, 
for all but finitely many A e (0, 1], every element E, e W^-^(K x [0, l];u*TM) of the kernel of the 

operator ,^,^ is t-independent. 

r 

To achieve this we consider the Fourier decomposition (in the t -variable) of a hypothetical 
element ^ e :^'^ . For fc e Z and for a section ^ of u*TM define a new section e-^^'^'^-'^ by 
(•g-27t>:tj^-j(-^^ t) = (cos(2n;fct))i^(s, t) - sin(27Tfct)J(7(s))^(s, t). Moreover define a section of E,^. 
oiY*TM by 



1 

InktJ > 



?,(s)= e-^'^'^^^?(s,f)df 







(of course this is well-defined since ^(s, t) e T^(s)M for all t) 
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We observe that 

= Vj (cos(27rfct)/ - sin(27Tfct)J)^(s, t)d t +(V,JXr(s)) sm{2nkt)E,{s,t)dt\ 

^ Jo 



Also, 

11] (s)=J(r(s))l e-'-'''--^dt 



.^n C -2.,u3^ 



([ |^(e"'"'''?Cs,0)df + 27rfcJ(r(5))j e-^-'^''^{s,t)dt 



= -27rfc?,(s) 

by periodicity and the fact that J{y{syf = —I. 

Moreover, if we resolve the Hessian operator ^{s): Ty[s)M -^ Ty[s)^ (defined by ^(s)v = 
Vy VG(7(s))) into its complex-linear and complex-antilinear parts as 

^i-°(5) = i {^{s) - J{:{{s)-):^{s)j{:f{s)-)) and ^°'H5) = \ (^(s) + J{:f{s)-)^{s)j{:{{s)-)) 

we see that 
and so 

These calculations show that, for E, e W^'^(R x S^;u*rM) and k^Z,we have 

Thus an element <^ e ker^f has, for each /c e Z>o, 

r 

(34) 



^, A /" -27ifcA-i/ + j^i'° + i(v, j)j ^°'i - i(v,j)j A r ?, 

?-k j I ^°'i - i(V,J)J 27ifcA-i/ + ^1-° + i(V,J)J j I ?-fc 



Now let us choose a unitary trivialization of y*TM which, over those s &R with \s\ large enough 
that 7(s) lies in one of the Darboux charts around the critical points pj, in which J was assumed 
to be standard and the Hessian ^± of H was assumed constant, coincides with the trivialization 
of Y*TM induced by these Darboux charts. Rewriting ( [34l ) in terms of this triviahzation gives 
equations, for v^ : R ^ R^" x R^" and k e Z>o, 

dvh , 

(35) — ^-|-(27ifcA"^£+B(s)K(s) = 

05 
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where the smooth map B : R — » Hottit^O 



!)2n V 



T)2n Tn)2n s 



T)2n 



) is independent of k and A and coincides 



with 



,1,0 






± 
0,1 






when ±s is large enough that j{s) is in the Darboux chart around pj-. Now 



^±'" and ^± 



,0,1 



are symmetric since ^± is, and we have ||^±' || + ||^± || < 2||^±|| < 27i. So by 



1,0| 



oO,l| 



Proposition lA. 2 1 the set 



/xe [l,oo) 



There is a nonzero, class-W^'^ solution to 



is finite. If fco is any integer larger than the largest element of S it in particular follows that for 
fc > fco there is no A g (0,1] such that ([35]) has a nontrivial W^'^ solution. Moreover, since S 



is finite, for any fc e {1, ...,fco — 1} there are only finitely many A e (0,1] such that ( |35]) has 
a nontrivial W^-^ solution. Combining these two facts shows that there are only finitely many 
A e (0, 1] such that there exists any fc so that (|35T ) has a W^-^ solution. 

Consequently we obtain that, if A e (0, 1] is not among these finitely many exceptional values, 
then any element E, g ker^j*- has i^^ = for all fc e Z \ {0}. So the section E, defined by l,{s, t) = 

1^(5, t) — ^o(^) has E, = for all fc e Z. Thus ^ is L^-orthogonal to any section of the form 
(s, t) —> e^^'^'^^ ^{s) for t^ e L^(7*rM). Since linear combinations of sections of this latter form are 
dense in L^ it follows that S, =Q, and hence that E,{s, t) = i^o(^) for all s. This proves that, for all 
but finitely many values of A, all elements of kei^^ are t-independent, which as explained earher 
suffices to prove the theorem. D 
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